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Abstract 

We study N = 4 SYM on R x S 3 and theories with 16 supercharges arising as its 
consistent truncations. These theories include the plane wave matrix model, Af = 4 
SYM on R x S 2 and N = 4 SYM on R x S 3 /Zk, and their gravity duals were studied 
by Lin and Maldacena. We make a harmonic expansion of the original M = 4 SYM on 
Rx S 3 and obtain each of the truncated theories by keeping a part of the Kaluza-Klein 
modes. This enables us to analyze all the theories in a unified way. We explicitly 
construct some nontrivial vacua of M = 4 SYM oni?x5 2 . We perform 1-loop analysis 
of the original and truncated theories. In particular, we examine states regarded as the 
integrable SO (6) spin chain and a time-dependent BPS solution, which is considered 
to correspond to the AdS giant graviton in the original theory. 
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1 Introduction 

It is important to collect various examples of the gauge/gravity correspondence in order 
to elucidate how universal this phenomena is. Recently this direction has been pursued 
successfully by Lin and Maldacena [1]. They gave a general method for constructing the 
gravity solutions dual to a family of theories with 16 supercharges. All these theories share 
the common feature that they have a mass gap, a discrete spectrum of excitations and a 
dimensionless parameter, which connect weak and strong coupling regions. This method 
is an extension of the so-called bubbling AdS geometries [2-4]. The symmetry algebra of 
some of the theories is S77(2|4) supergroup, while the other theories have 50(4) x 5*0(4) 
symmetry. The theories with the S77(2|4) symmetry arise as consistent truncations of Af = 4 
super Yang Mills (SYM) on R x 5 3 as explained below. They include the plane wave matrix 
model [5], N = 4 SYM on R x 5 2 [6] and Af = 4 SYM on R x S 3 /Z k . 

Af = 4 SYM on R x 5 3 has the superconformal symmetry SU(2, 2|4), whose bosonic 
subgroup is 5*0(2,4) x 50(6), where 50(2,4) is the conformal group in 4 dimensions and 
50(6) is the R-symmetry. 50(2,4) has a subgroup 50(4) that is the isometry of the 5 3 
on which the theory is defined. 50(4) is identified with SU(2) x SU(2), where we marked 
one of two 577(2) 's with a tilde to focus on it. By quotienting the original Af = 4 SYM 
on R x 5 3 by various subgroups of SU(2), one obtains the above mentioned theories whose 
symmetry algebra is SU(2\4). Quotienting by full SU(2), £7(1) and Z k give rise to the plane 
wave matrix model, Af = 4 SYM on R x 5 2 and Af = 4 SYM on R x S 3 /Z k , respectively. 
Indeed, the consistent truncation to the plane wave matrix model was first found in [10]. 
The original Af = 4 SYM on R x 5 3 has a unique vacuum, while the truncated theories have 
many vacua. The method by Lin and Maldacena give in principle gravity solutions that 
describe these vacua and fluctuations around them, and they indeed obtained a few explicit 
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solutions [1]. 

It is obviously relevant to study the dynamics of the above truncated theories and compare 
the results with those obtained on the gravity side. Indeed, some studies on the dynamics 
of the plane wave matrix model have already been carried out [6]~ [13]. It should also be 
worthwhile to study the original M = 4 SYM on RxS 3 itself [14] ~ [17], although it is believed 
to be equivalent to Af = 4 SYM on R A at conformal point, which is much easier to analyze. 
The reasons are as follows. First, the pp-wave limit on the gravity side is taken for AdS 5 x S* 5 
in the global coordinates, and the boundary of AdS 5 is R x S* 3 . The holography in the pp- 
wave limit could, therefore, be well understood in Af = 4 SYM on R x S 3 . Next, the original 
theory has a classical time-dependent BPS solution, which is considered to correspond to 
the AdS giant graviton [3,18]. The quantum dynamics of the AdS giant graviton is expected 
to be understood by examining the quantum fluctuation around this classical solution. The 
classical solution is, however, mapped to a classical vacuum solution of Af = 4 SYM on 
R 4 that breaks the conformal symmetry, so that the equivalence between Af = 4 SYM on 
R x S 3 and R A does not seem to hold in this case. Third, one can consider Af = 4 SYM 
on S* 1 x S* 3 , which is the finite temperature version of Af = 4 SYM on R x S* 3 and is not 
equivalent to Af = 4 SYM on i? 4 . This theory is known to show a phase transition [19-21], 
which should correspond to the thermal phase transition between the AdS space and the 
AdS black hole [22] . The study of Af = 4 SYM on R x S 3 serves as a preparation for that 
of this theory. 

In this paper, we study the dynamics of the original Af = 4 SYM on R x S 3 and the 
truncated theories, by making a harmonic expansion of the original theory on S* 3 . We obtain 
each of the truncated theories by keeping a part of the Kaluza-Klein (KK) modes of the 
original theory. This enables us to analyze all of the original and truncated theories in a 
unified way. 

In section 2, we review basic properties of Af = 4 SYM on R x S 3 . In section 3, we 
develop the harmonic expansion on S* 3 . In particular, we obtain a new formula for the 
integral of the product of three harmonics, which is used in the following sections. In section 
4, by applying the results of section 3, we carry out a harmonic expansion of Af = 4 SYM 
on R x S 3 including all interaction terms. The result in this section is an extension of the 
work [10], where the authors carried out the mode expansion of the free part in detail and 
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analyzed interactions between the lowest modes needed for the truncation to the plane wave 
matrix model. 

In section 5, we describe the consistent truncations of the original M = 4 SYM on R x 5 3 
to the theories with 377(2 1 4) symmetry. We realize each quotienting by keeping a part of the 
KK modes of the original theory. We verify that quotienting by U(l) indeed yields Af = 4 
SYM on R x 5 2 by comparing the KK modes we kept with the KK modes of Af = 4 SYM 
on R x S 2 . We explicitly construct some of the nontrivial vacua of Af = 4 SYM on R x S 2 
in terms of the KK modes. 

In section 6, we first calculate 1-loop diagrams in the original theory. We introduce cut- 
offs for loop angular momenta and see that this cut-off scheme yield correct coefficients of 
logarithmic divergences, which are consistent with the Ward identities and the vanishing of 
the beta function. We next determine some counter terms in the original theory and the 
truncated theories in the trivial vacuum by using the non-renormalization of energy of the 
BPS states. This reveals that the states built by the sequence of the scalars in both the 
original theory and the truncated theories in the trivial vacuum are mapped to the same 
integrable 5*0(6) spin chain. 

In section 7, we examine the time-independent BPS solution in the original and truncated 
theories, which is considered to correspond to the AdS giant graviton in the original theory. 
We see that the 1-loop effective action around this solution vanishes. 

Section 8 is devoted to summary and discussion. In appendix A, we gather some formulae 
concerning the representation of 577(2). In appendix B, we describe the vertex coefficients 
which are used in representing the interaction terms by the modes. In appendix C, we 
describe some properties of the spherical harmonics on 5 2 , which are used in section 5. 
In appendix D, we list the 1-loop diagrams and the divergent parts of those diagrams. In 
appendix E, we give the expressions for the 1-loop effective action around the time dependent 
BPS solution in the truncated theories. 

2 Basic properties of Af = 4 SYM on R x S 3 

In this section, we review the basic properties of Af = 4 SYM on R x 5 3 [14] ~ [17]. We 
restrict ourselves to the U(N) gauge group and the 't Hooft limit throughout this paper. 
However, the generalization to other gauge groups that allow the 't Hooft limit is easy. We 
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follow the notation of [17] with slight modification. We set the radius of S 3 at one. Borrowing 
the ten-dimensional notation, we can write down the action as follows: 

S = -T- / d * x e Tr {-\ F abF ab - ]-D a X m D a X m - j-RXl 
9ym J V 4 ^ 

~\r a D a \-±\r m [x m ,\] + ~[x m ,x n } 2 ^ , (2.1) 

where a and b are local Lorentz indices and run from to 3, and m runs from 4 to 9. T a 
and T m are the 10-dimensional gamma matrices, which satisfy 

{F\ T b } = 2r] ab , {T m , r n } = 25 mn , (2.2) 

where r] ab = diag(— 1, 1, 1, 1). A is the Majorana-Weyl spinor in 10 dimensions, e is the 
determinant of the vierbein on R x S 3 . R is the scalar curvature of S 3 which is equal to 
6. The field strength and the covariant derivatives take the form 

F ab = V a A b - V b A a -i[A a , A b ] = e^F^, 
DaX m V a X m i[y4. a , ^C m ], 

D a A = V a A-i[A,A], (2.3) 

where 

V a A b = e a l (d ll A b + cu fMb c A c ), V a X m = e£d IM X m , V a A = e^X + ^T 6c A), (2.4) 

and uf is the spin connection on R x S 3 determined by de a + u a h A e b = 0. 

The classical action (J2.1j) with arbitrary gauge group has the superconformal symmetry 
SU(2,2\A). This symmetry is preserved at the quantum level. This is ensured by the 
following two facts. One is that the Weyl anomaly for the gyivi — was shown to vanish 
on i? x 5 3 [23]. The other is that the beta function vanishes for arbitrary Qym because it 
only reflects the short distance structure of the theory and indeed vanishes on R A . In what 
follows, we describe the transformation laws of the fields under each element of S77(2, 2|4) 
and see that the action (|2.1j) is invariant under such transformations. 

First, let us see the conformal invariance of the action. If the metric and the vierbein 
were allowed to vary, the action would possess the Weyl invariance, 

3 

5 w A a = —aAa, S w X m = -aX m , 8 W X = — -aA, <Ve° = ae^, (2.5) 
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the diffeomorphism invariance, 



5^A a = Cd^A a , 6zX m = ed li X m , S^X = ^A, 

= rV,e» + V^eJ. (2.6) 

and the local Lorentz invariance, 

5 L A a = s b a A b , 5 L X m = 0, 5 L X = l -e ab T ah X, S L e; = e\e\. (2.7) 

Let £ be a conformal Killing vector satisfying 

V„& + V 6 £ a = ^VcCVab, (2.8) 

and set a = -|V a £ a and e ab = ^u^ ab + |(V a £ 6 - V b £ a ). Then, 

(^ + S W + 6 L )el = 0. (2.9) 

The action is, therefore, invariant under the conformal transformation 5 C = 5% + 5\y + 8l, 
where the metric and the vierbein are fixed. The conformal transformation act on each field 
as follows: 

s c A a = e^ b A a + v a eA b , 

8 c X m = C, a V a X m + -V a £ a X m , 

5 C X = TV„A + ^V a 6,r ab A + jjv Q £°A. (2.10) 

It is often convenient to rewrite the action in the the SU (4) symmetric form. The 10- 
dimensional Lorentz group has been decomposed as 5*0(9,1) D 5*0(3, 1) x 50(6). We 
identify 50(6) with 5C/(4). We use A, B = 1,2,3,4 as the indices of 4 in SU(4) while we 
have used m, n — 4, • • • , 9 as the indices of 6 in 50(6). The 50(6) vector, 6, corresponds to 
the antisymmetric tensor of 4 in SU(A). The 50(6) and 577(4) basis are related as 

X l4 = i(X i+3 + *X i+6 ) (^ = 1,2,3), 

V V V AB V BA vt vAB 1 ABCD v /o ll\ 

^AB — —^BA, — —A — JL AB , A — -6 -&CD, [ z - is -) 

Similar identities hold for the gamma matrices: 

r i4 = i(r +3 -ir <+6 ), etc. (2.12) 
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r a = r®i 8 , r^ = 7 6®( °ab C )=-r BA , (2.13) 



The 10- dimensional gamma matrices are decomposed as 

-p' 
p AB 

where 7 a is the 4-dimensional gamma matrix, satisfying {7", 7 6 } = 2r] ab , and 75 = i7°7 1 7 2 7 3 . 
T AB satisfies {T AB ,T CD } = e ABCD , and p AB and p AB are defined by 

( „AB\ xAjrB rArB (~AB\CD A BCD {0 1A\ 

[p )cd = d c d D -d D d c , [p ) =e . (2.14) 
The charge conjugation matrix and the chirality matrix are given by 

1-4 \ -pll -pO -p9 ., a 1 ^ ^ 



c 10 = c 4 ®[ ^ 4 J, r = r - • • r = 75 (8i ( ^ _^ 1 , (2.15) 

where (r a - m ) T = -C 10 1 r a ' m Ci and C A is the charge conjugation matrix in 4 dimensions. 
The Majorana-Weyl spinor in 10 dimensions is decomposed as 

A = r n A= ( A A + ) , (2.16) 



A 



where is the charge conjugation of A^: 

A-a = (A^) c = C,(X+a) T , 7 5 A± = ±A±. (2.17) 
The action is rewritten in terms of S'L r (4) symmetric notation as follows: 

S = -T- f d ' x e Tr (-\ F ^ Fab ~ \D a X AB D a X AB - \x AB X AB - i\ +Al a D a \ A 
9ym J V 4 2 2 

— X +A [X AB , X-b] — X A [X AB ,X B ] + ~[Xab, X C d][X ab , X CD ] 

(2.18) 

It is easy to see that the action (|2.18|) is invariant under the S77(4) R-symmetry 

S R X AB = iT A c X CB + zT B c X AC , S R X A = iT A B X B , S R X. A = -iX„ B T B A , (2.19) 

where T A B is a hermitian traceless matrix. 

Finally, we consider the superconformal symmetry. The conformal Killing spinor equation 
on R x S 3 takes the form 

V a e + = ±^7a7°e+, 7 5 e+ = e+. (2.20) 



A general solution to (j2.20j) for each sign includes arbitrary constant Weyl spinor and is 
obtained by projecting the Killing spinor on AdS§ on the boundary [14,24]. We construct a 
10-dimensional Majorana-Weyl spinor as 

r A 



(2.21) 



where e+ satisfies fl2.20|) and is the charge conjugation of and satisfies 



V a e_ A = ^- 7a7 °e_ A , 7 5 e_ A = -e_ A . (2.22) 
The action (|2.1|) is invariant under the superconformal transformation 



5 e A a = i\T a e, 5 e X m = i\T m e 
8 f \ ■ 



I I i 

jTi -pab , 7-i -v" FT™ V F ra F a V7 [y y Irr 



e. (2.23) 



e + in (|2.2(Jj) includes four real degrees of freedom for each sign as mentioned above and there 
are four SU (4) indices, so that e in (j2.21|) possess 32 real degrees of freedom. Namely, the 
superconformal symmetry ()2.23|) has 32 real supercharges. In the SU(4) symmetric notation, 
the transformation (|2.23j) is written as 



6 t A a = i(X +A ^ a e A - C+A7aA 
6 e X AB = i(-e A \ B + + e B \ A + e ABCD \ +c e 



+)■> 

BCD \ . \ 
D 



5 e X A = \F abl ab e A + 2D a X AB 1 a e- B + X A VV a e„ B + 2i[X AC ', X CB ]e B , 

S e X-A = \F ab l ab t- A + 2D a X ABl a e% + X ABl a V a e B + 2i[X AC , X CB ]^ B . (2.24) 

In the remaining of this section, we make a comment on the equivalence between M = 4 
SYM on R 4 at conformal point and M = 4 SYM on R x S 3 . We first see the relationship 
between R 4 and R x S 3 . If one starts with the metric of R 4 , 

ds 2 = dr 2 + r 2 dtt 2 3 , (2.25) 

makes a change of variable, In r = r, and defines a new metric through a Weyl transformation, 
ds 2 = e 2r ds' 2 , one obtains the metric of euclidean R x S 3 , 

ds' 2 = dr 2 + dn 2 3 . (2.26) 
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The analytical continuation, r = it, yields the metric of R x 5 3 . This indicates how these 
two theories are related. There is one to one correspondence between operators on R 4 and 
states on Rx S 3 as common in conformal fields theories. Namely, one can move an operator 
at arbitrary point on R 4 to the origin by a conformal transformation, and map it to an state 
on R x S 3 because r — > corresponds to t — > — oo. One can also see from lnr = r that 
the dilatation operator on R A corresponds to hamiltonian on R x S 3 . That is, the scaling 
dimension A on R 4 corresponds to the energy E on R x S 3 . More precisely, there is the 
Casimir energy, E , on 5 3 . Thus A = E — E . The value of E is for instance, calculated 
through the Weyl anomaly near R 4 and equal to j^N 2 [23]. In this paper, for simplicity, we 
redefine the hamiltonian by H — > H — E and make energy of the vacuum vanishing, so that 
A = E holds. Note that this equivalence holds only at conformal point on R 4 and breaks 
for instance in a situation where the Higgs field has a non-vanishing vev on R . 

3 Harmonic expansion on S 3 

In this section, we develop the harmonic expansion on 5 3 . In section 3.1, we consider 
generic spherical harmonics on 5 3 and obtain a formula for the integral of the product of 
three spherical harmonics. In section 3.2, we restrict ourselves to scalar, spinor and vector 
harmonics and describe some useful properties. We define vertex coefficients by the integrals 
of the products of these harmonics. In section 3.3, we find the vector and spinor harmonics 
that correspond to the conformal Killing vectors and spinors, which appeared in section 2. 

3.1 Spherical harmonics on S 3 

First, we construct the spherical harmonics on 5 3 , following the strategy in [25], where the 
harmonic functions on the coset space G/H are discussed. In this case, 5 3 = SO (4) /SO (3), 
namely G = SO (A) = SU(2) x SU(2) and H = SO (3). The subgroup H = 50(3) is 
naturally identified with the local 'Lorentz' group 5*0(3) on S 3 . We denote the generators 
of the 577(2) in G by J; and those of the 577(2) in G by J; ,where % = 1, 2, 3. Then, the 
generators of H are represented by Lj = Jj + Jj. 

The irreducible representations of G are labeled by two spins, J and J, which specify the 
irreducible representations of the 577(2) and the 577(2), respectively. We denote the basis 
of the (J, J) representation by \ Jm)\Jm). The basis of the spin L representation of H is 
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constructed in terms of | Jm) | Jm) : 

\Ln;JJ)) =Yl C %J*\ Jm )\J™)> 

mm 

where C^ n ^ is the Clebsch-Gordan coefficient of SU(2) and the triangular inequality, 

\J-J\<L<J + J, (3.2) 

must be satisfied. 

A definite form of the representative element of G/H is given by 

T(fi) = e -^L le -i 9 L Ze -i6K^ (3.3) 

where Ki = Ji — Ji and f2 = (0, ip) is the polar coordinates of S 3 . Note, however, that the 
explicit form of Y(fl) is barely needed in the following arguments. 
The spin L spherical harmonics on S 3 is given by 

yimjJV) = N^j((Ln; JJ\T-\Q)\Jm)\Jm), (3.4) 

where Njj is the normalization factor. It is fixed as 



(2J + 1)(2J + 1) 
»' 2L + 1 K ' 

such that the spherical harmonics ()3.4j) satisfies the orthonormal condition: 

/ dQ J^^JmJmT yjWj'rhf = 6 JJ' S JJ' S mm'S mm '. (3.6) 

J n 

Here the measure is normalized as J dVL 1 = 1 and can be identified with the Haar measure 
of G since the integrand is invariant under the action of H. Then, one can easily verify (J3.6j) 
by using the orthogonality of the representation matrices of G under the Haar measure and 
a relation 

^a! bpC a abf3 = (3.7) 

a/3 

The equations ()3.3j) and ()3.4|) give the complex conjugate of y^ n j^: 

(>:;•/:,,„.)• = ( i) '■' y', ,,■ (•>» 
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The covariant derivative is understood as an algebraic manipulation: 

V * ^jm,Jm( Q ) = N iA(^ JJ\HKi)T-\n)\Jm)\Jm). (3.9) 

Using this relation, it is easy to obtain the eigenvalue of the laplacian for the spin L spherical 
harmonics: 

V 2 3^j A (n) = -(2J(J + 1) + 2 J(J + 1) - L(L + 1)) 3^(0). (3.10) 

We need the integral of the product of three spherical harmonics in rewriting the interac- 
tion terms in terms of modes. By making composition of the angular momentum repeatedly 
and using the orthogonality of the representation matrices of G and a formula for the 9 — j 
symbol (jA.4J) . we obtain a compact formula 



2-^ ^JimiJirhi' Jimzjzrhz JzmsJsfhs L 2 n 2 L 3 n 3 
nin 2 n 3 



J\ J\ Li 



(2L 1 + 1)(2J 2 + 1)(2J 2 + 1)(2J3 + 1)(2J 3 + 1) <| J 2 J 2 L 2 [ Cta^l;^ 

^3 ^3 L 3 



(3.11) 

Note that the integrand on the left-hand side is again invariant under the action of H. The 
equation ()3.11|) is one of new results in this paper, which can be applied to any field theory 
on S 3 . 

3.2 Scalars, vectors and spinors on 

In this subsection, as an application of the results in the previous subsection, we consider 
scalars, vectors and spinors on S 3 . 

The scalar corresponds to L — 0. From the triangular inequality ([3.2)1 . we see that 
(J, J) = (J, J). We introduce a notation for the scalar: 

Yjm = yjm°jth , (3-12) 

where M stands for (m, m). The vector corresponds to L = 1. Then, the triangular inequal- 
ity implies that (J, J) takes (J + 1, J) or (J, J + 1) or (J, J). We assign p = 1, p = — 1 and 
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p = to these three cases, respectively. We make a change of basis from the basis |ln; J J)) 
to the vector basis: 



|1; JJ» 

\2;JJ)) 
|3; J J)) 



(-|1,1;JJ)) + |1,-1;JJ))) 
^(|1,1;JJ)) + |1,-1;JJ))) 

|1,0; JJ». 



(3.13) 



Accordingly, the vector harmonics on S 3 are defined by 



y 



Jm,Jfh 



N]j((i; JJ\r-\Q)\Jm)\Jm) (i = 1,2,3), 



(3.14) 



which are just a unitary transform of y} 7 ^ jfh- We introduce a notation for the vector: 



vp =1 

1 J Mi 

J Mi 

v p=0 
1 J Mi 



rriyjrhi 
Jm,J+l mi 
' Jm,Jm' 



yi 



(3.15) 



:{0,0)i 



0. 



Here the factors ±i on the right-hand side are just a convention. Note that Yj =QM= 
The spinor corresponds to L = |. The triangular inequality implies that (J, J) takes ( </+|, J) 
or (J, J + |). We assign k = 1 to the former and k = — 1 to the latter. We introduce a 
notation for the spinor: 



where a takes \ and — |. 



v K=1 

1 J Ma 



VK=-1 
1 JMa 



y L =h> a 

m,Jm' 

Jm,J+^ m' 



(3.16) 



The orthnormality condition ()3.6|) is translated to the scalar, the vector and the spinor 



as 



M 1 M 2 j 



{ Y J?M ia Y Y J2M 2 a = Skik 2 8jiJ28miM 2 , 



(3.17) 
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while their complex conjugates are read off from ()3.8|) as 



J-M, 



(VP \* _ I _-\ \m—m+l\rP 

K 1 JMi) ~ \ L ) 1 J- Afi> 

ra—rh J r Ka+l-\ 



(Yj K MaT = (-l) m - m+Ka+1 ^-M-«- (3-18) 

By using (|3.9|) . it is easy to show that the following identities hold: 

v, YfL = o, 

eukV j Y! Mk = -2p(J+l)Yf m , 

V< Ijm = -2V^+1)^V- (3-19) 
The eigenvalues of the laplacian can be read off from (j3.1U|) : 

V 2 Yj M = -AJ(J + l)Y JM} 
V 2 Yg H = -(AJ(J + 2) + 2)Y ±1 



J Mil 
-0 

J Mil 



V 2 y° Mi = -(4J(J + l)-2)Y° 
V 2 Yft, a = -(2J(2J + 3) + |) Ff Ma . (3.20) 

Using (|3.9|) yields an identity 

<3 V, yf M/3 = -i«(2 J + ?) 17 Ma . (3.21) 

In what follows, we define various integrals of the product of three scalar or spinor or 
vector harmonics, which we will call vertex coefficients. The vertex coefficients are needed 
to make a mode expansion for the interaction part. Their expression are obtained by using 
the formula (|3.11|) . We give these expressions in appendix B. The expressions for the vertex 
coefficients consisting only of scalars and vectors are already given in [26,27], where the 9-j 
symbols are, however, not used. 



CjImIj 3 m 3 = j dtt (Yj iMi )*Yj 2M2 Yj 3 m 3 . 
CjlMi j 2 m 2 j 3 m 3 = J dCl Yj iMi Yj 2 m 2 Yj 3 m 3 - 
DjfthP! j 2 M 2 p 2 = J dVl (YjM)*Yj* Mii Yj* M2i . 
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(3.22) 



3.3 Conformal Killing vectors and spinors 

The vector spherical harmonics that correspond to the conformal Killing vectors were al- 
ready found in [27]. The number of the independent conformal Killing vectors is 15, which 
is equal to the number of the generators of SO (2, 4). The conformal group 50(2, 4) contains 
R x 50(4) as a subgroup, where R corresponds to the time translation and 50(4) corre- 
sponds to the isometry of 5 3 . The conformal Killing vectors corresponding to the generators 
of this subgroup is also the Killing vectors, namely these vectors satisfy the Killing vector 
equation V a ^b + V^ a = 0. The number of the generators of the subgroup is 1 + 6 = 7 so that 
the number of the independent Killing vectors is 1 + 6 = 7. It is easy to check using (|3.9|) that 
the 4- vectors (1,0), (0,Y^ Mi ) and (0,Y^~ Mi ) satisfy the Killing vector equation. The first one 
corresponds to the time translation, while the second and third ones correspond to the isom- 
etry of 5 3 and include 6 independent real vectors due to the condition ()3.18j) . It is also easily 
verified that the remaining 8 conformal Killing vectors are given by (e lt Yi M , v3e lt Y® Mi ). 

Next, let us find the spinor spherical harmonics that correspond to the conformal Killing 
spinors [10]. If we set <To = I2, it is easy to verify that the following equation holds: 



In the next section, we will see that the conformal Killing spinors are indeed expanded by 



4 Harmonic expansion of J\f = 4 SYM on R x S 3 

In this section, we apply the results in 3 to M = 4 SYM oni?x 5 3 . In section 4.1, we make 
a harmonic expansion of Af = 4 SYM on R x 5 3 and rewrite the theory in terms of infinitely 



(3.23) 




OMo' 



which include 2 independent complex spinors for each sign. 
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many KK modes. In other words, we obtain a matrix quantum mechanics with infinitely 
many matrices. In section 4.2, we quantize the free part of the theory and obtain the KK 
tower. 



4.1 Harmonic expansion of J\f = 4 SYM on R x S 3 

First, we fix the forms of 4-dimensional gamma matrices: 



7° = ( ,i ) , (4-1) 



ia a 

where cr° = — 12 and cr l (i = 1, 2, 3) are the Pauli matrices, a = cr° and a % = —a 1 . In this 
convention, 

We introduce a two-component spinor: 

Using the two-component spinor, we can rewrite the action (j2.18j) as follows: 

S = j 2 j dtcM Tr (-^F ab F ab - ^D a X AB D a X AB - X -X AB X AB + %^ A D^ A + i^a'D^ 



+^ A * 2 [X AB , ^ B ) T ] - ^ AT a 2 [X AB ,r\ + \[X AB ,X CD }[X AB ,X CD ]^ , 

(4.4) 



2 

where g 2 = -yf- since the area of unit S 13 is 2tt 2 . Aq and X^ 6 are scalars on S 3 , A, is 



a 



vector on S* 3 and ip A is a spinor on S 3 . Vo = <9 t and V« is the covariant derivative on S* 3 . 
To quantize the system, we need a gauge-fixing. We take the Coulomb gauge, 

ViA t = 0, (4.5) 

for convenience. The residual gauge symmetry which is realized by a gauge parameter that 
depends only on time is fixed by 1 

dVt A = 0. (4.6) 



1 In the theory on S 1 x S 3 , the zero mode of the lefthand side of (|4.6fl . which is given by its integral on 
S 1 , becomes dynamical and plays an important role [21,28]. 
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The gauge-fixing and Faddeev-Popov terms for the above gauge-fixing are given by 

S GF+FP = J dtdttTT(-icViDic). (4.7) 

It should be understood that the condition (|4.5jl is always imposed by the delta function in 
the path- integral. The free part of the gauge-fixed action, I = S + Sqf+fp, is 

J = j dtdfl Tr ^A V 2 A + -fl^A + ~AV 2 A - A4 

+ -^d X AB d X AB + -X AB V 2 X AB — -X AB X AB 
+i^ A d^ A + iil>WViil> A - 2cV 2 c) , (4.8) 
while the interaction part of the gauge-fixed action is 

hut = J dtdQ Tr (—igd Q Ai[A Q , A { ] + igViA [A , A { ] + ^(V*A - VjA) [A,, AA 

-j[A , A,} 2 + £[Ai, A,] 2 - igd X AB [A , X AB ] + tgV t X AB [A, X AB ] 

-^[A ,X AB )[A ,X AB ] + 9 ^{A l ,X AB ][A l ,X AB ]+ g^ A [A ^ A ] 

+g^ A a i [A h i, A ] + g^ A a 2 [X AB , (^ B f] - gip AT a 2 {X AB , ip B \ 

+ ^[X AB ,X CD ][X AB ,X CD ] +gV i c[A i ,c]\ . (4.9) 

In ()4.8|) and ()4.9|) . we have rescaled the fields by 1/g. 
We make the mode expansion for the fields as 

A (t, Q)= B JM (t)Y JM (n), Ai(t, ^) = E E A JM P (t)Yj P m (n), 

(JM)^(OO) p=±l JM 

x AB {t,n) = E*i£' WW"), x AB (t,n) = Y,xf M (t)Y JM (n), 

JM JM 



«=±1 JM 



cjM{t)Y JM {Q) (4-10) 

(JM)^(OO) (JM)^(OO) 

The condition (JM) ^ (00) for the summation in v4 , c and c comes from the gauge-fixing 
condition (|4.fij) . Each mode is iV x AT matrix. Due to (|H.18j) . A\ = A , A\ = A and 
X\ B = X AB imply 

(B JM y = (-l) m -™Bj_ M , (A JMp y = (-1)— *+Mj_ Mp , 

(^ii / ) t = (-l) m -^M- (4-11) 
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Note that p takes only ±1 in ()4.1U|) because of the gauge-fixing condition ()4.5|) and the first 
identity in lETTS!) . 

In order to express ()4.8|) and (|4.9|) in terms of the modes in ()4.1U|) . we use ()3.17|) ~ (|3.22JI . 
For the four-point interaction terms, we also use product expansions such as 



YjxMx (tyYj 2 M2 (^) 



CjImI J2M2 Y JaM a (^) • 

J1M1J2M2 



The result is 



I — Iq + hnt , Iq — I dt Lq, I, 



l int 



Tr 



Li n t - Tr [-igPl{Jl + l)£jiM iP i J2M2P2 



'(2) 
J int 



(-1)"2J(J+ 1)73. 

(JM)^(OO) 



j-mBjm 



+ £ D-d 

p=±l JM 



m— m+1 ' 



A, 



J -Mp^-JMp 



- ufAj 



-MpAjMp) 



I \r J —M \^AB ,A " \rj —M V 

\ AB ^JM—Ui A ^ A 



X 2 yj — M yAB\ 
J ^-AB ^JM) 



JM 

J] YI^JMkA^JMk + ^WjMkA^Mk 



k=±1 JM 

+ £ < 

(JM)^(OO) 



MiJ(J + I)cj- M CJM 



,A 



2 J 3 M 3 p 3 ^-J 1 M 1 px [A,J 2 M2p21 I± J 3 M 3 p3 



A., 



9 WM 



V, 



^ -'JxM x px J 3 M 3 p3 J ^JM J 2 M 2 p 2 J 4 M 4 ,pAAj 1 M 1 p 1 , s±J2M 2 p2\ls ± J 3 M3P3i ^J 4 M 4 p 4 

+2g^J 1 {J 1 + l)Vj 2M2 

J1A/1O JMp^-AB 1 [AjMp, Xj 2M2 ] 

9 2 JM J M AB 

+ ~^~£j 2 M 2 JaMa'DjM JxMxpx J 3 M 3 p3[Aj 1 M 1 p 1 ,X A 2 B 2 ] [Aj 3 m 3P3 , ^J 4 mJ) 



A. 



(4.12) 



(4.13) 



(4.14) 



A, 



]) 



+#6 'jImIkI JMp^JxMxKxAAjMpi 1pJ 2 M 2 K 2 



\m2-m 2 + ^ <pJxMxKx i t \X AB 7/) T 

L 9\ l ) - r J 2 -M 2 K 2 JMV JxMxkxAV^ JMi V J 2 M 2 k 2 B 



AB „/,t 



Tr 



^ l 9\ l ) • r J 2 M 2 K2JM t yjiM 1K1 [^ x AB^ t f J J 2 M 2 K 2 \) 
n 2 

,9 pJM n [yJiM! V J 2 M 2 ]! V AB V CD ]\ 

+ ^ L 'JiMi J 2 M 2 WM J3M3 J 4 M 4 [^AB ' A CD I J3M3J ^ J 4 M 4 \) 

—igDjM JxMxpx J 2 M 2 p 2 y 4jiMipi [Bjm, Aj 2 M 2 p 2 ] 
+2g \/ J\{J\ + 1)Vj 2 m 2 JxMxO JMpBj^Mx [Bj 2 M 2 , AjMp] 



(4.15) 
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9 2 JM 

~-^Cj 1 M 1 JsMtPjM J 2 M 2 p 2 J 4 M 4 p 4 [Bj lMl , Aj 2 m 2P2 ] [Bj 3 m 3 , Aj 4 M 4 p 4 ] 

—igCjM J1M1 J 2 M 2 ^AB X [BjM, ^J 2 M 2 D 
n 2 

x nJM n \r> yj 2 M 2 -\rr> vAB l\ 

_ yWiMi J 2 M 2 L JM J 2 M 3 JiMA&JiM^^AB \ i^JsMs > A J 4 M 4 J ) 

~^9^j 2 M 2 K 2 JM^JiMmiA^JMi ■0J 2 M 2 « 2 ]) 

— 1ig\J J\(J\ + T)T>j 2 m 2 JjMxO JMpCjiMx [AjMp, C J 2 M 2 ] , (4.16) 



where 



u;? = 2J + 2, 
= 2J+ 1, 

wJ = 2J+? (4.17) 

We have classified the interaction terms into two categories. consists of the terms that 

- (2) — 

do not contain B or c or c while L int consists of the terms that contain B or c or c. In each 

term in L^ t and i^„ t , the summation over indices that appear twice or more than twice is 

assumed. Of course, 'J' in B, c and c cannot take zero. Note that the way to express the 

(i) 



int. 



four-point interaction using the vertex coefficients is not unique. The expressions for L 
and Lfa t , (|4.15j) and (|4.16|) . are one of new results in this paper. 

4.2 Quantization of free part and the Kaluza-Klein tower 

The free theory in which g = is easy to quantize. In the free theory, one can set Bjm = 
and cjm = cjm = 0. A JMp , Xf M and ^j Mk behave as free particles. We can construct the 
hamiltonian of the free theory from Lq as 



H n = Tr 



-MpPjMp + ^j Aj _MpAjMp) 



JMp 



-./ 1 JMkA'PjMk 

JM ~ JMk 



(4.18) 



where Pjm p and Pj(Jf are the canonical conjugate momenta of A jm p and Xf M , respectively, 
while the canonical conjugate of t/'jmk * s ^jmkA- The ( ant i-) commutation relations are 

[{AjMp)kl, (Pj'M'p')k'l'] = iSj 1 j 2 5M 1 M 2 Sp 1 p 2 Skl'Sik>, 



[{Xjm)m, {Pa'B 1 )k'l'} — i-^A'^B' ~ ^B'^AI^JJ'^MM'^kl'^lk'i 

{(^JM^kl, (^J'M'K'A^k'l'} = $ A' & J J' $MM' ^kk' ^kl'^lk' ■ (4.19) 

AjMp, Xf M and ^j Mk and their canonical conjugates are expanded in terms of the creation 
and annihilation operators as 



A — ^ ( n c ~ iu)J ) 1 _L ( 1 \m-rh+l ] 

AjMp - - 7 =={a JMp e J + (-1J aj- Mp e 




rjMp - -i\ -pr{{-i-) aj-M P e J - a JM e J ) 



X JM = n r~^ \ a JM e J + (-1) «J-M e J )> 



tjAB • (I i\m-fh„AB „-iuftt „ABji L u J ft\ 

P JM = -l\J a J-M e J ~ a JM e 3 h 

< + = df_ M e^ , ^j M _ = bj M e~^ . (4.20) 
The (anti-) commutation relations for the creation and annihilation operators are 

[{a>JMp)kU ( a J'M'p')k'l'] = SjjtdMM'Spp'Skl'Slk', [(«Jm)h, (« J'M')*' 1 '] = -6 ABA B 6 JJ^MM'Skl'Slk' , 
{(bjM)kl, (^J'M'A')k'l'} = $A'$JJ'$MM'$kl'$lk'i {(djMA)kh (^j'M')fe'i'} = $A $ JJ'$MM'$kl'$lk' (4-21) 

The free hamiltonian is rewritten in terms of the creation and annihilation operators: 



#o =: Tr 



^ UJ j a jMp a JM P + ^ Vj QCjm^ab +y^. UJ j ! (b JMA bj M + d A M d JMA ) 

JMp JM JM 



: . (4.22) 



In section 6.2, we will make a comment on the constant which we discarded when we obtained 
the above normal-ordered expression. 

As in [10,29], the mass spectrum of the free theory in which g = can be read off from 
(|4.18|) . These forms the infinitely high KK tower. As stated in introduction, there exists a 
mass gap and the mass spectrum is discrete. The mass spectrum is summarized in Fig^ 
Note that there is no mass multiplicity between the bosons and the fermions unlike the 
super symmetric theories in flat space. 

In the case of the free theory, given an operator on R 4 , one can easily construct the 
corresponding state on R x S 3 in terms of the creation operators. For instance, the state 
that corresponds to 

Tr(X AlBl X A2Ba • • ■ X AlBl ) (4.23) 



19 



on i? 4 is 

^(^^•••^iO), (4.24) 

where |0) is the Fock vacuum and the vacuum of the free theory. Note that this state is 
normalized in the large N limit. In general, the operators that contain derivatives correspond 
to the states constructed by the higher modes of the creation operators. It was shown [30] 
that the 1-loop dilatation operator for a set of the operators (14.23)) with fixed I is regarded 
as the hamiltonian of the integrable 5*0(6) spin chain. In this sence, the operators (j4.23|) 
are regarded as the integrable SO(6) spin chain. In section 6, we will obtain this dilatation 
operator by calculating the energy corrections of the states (|4.24|) . 

For later convenience, we rewrite the superconformal transformation ()2.24|) for the free 
theory in terms of the modes. We introduce the two-component spinor r/ A for the conformal 
Killing spinor: 

1 A 




V a e A = ± l - lal °e A ~ V aV A = ± l -a a r) A . (4.25) 
Using the two-components spinors, we rewrite ()2.24|) with g = as 

5 v Ai = i(-i)\ai7] A + r]\oi^ A ), 

S n X AB = i(-r] AT a*r + r, B W - e ABGD ^ c a^ D ) T ), 

8^ A = -F oi a iV A + l -F %J e ljk a^ A - 2d,X AB a\^ B f + 2V \X AB W^foif - 2iX AB a\rj B ) T . 

(4.26) 

As anticipated in section 3, (|3.23|) and (|4.25|) show that r] A is expanded in terms of e^^Y^Ma- 

Va= Yl C e4 U« + E vL^YoMa- (4-27) 
m=±5 m=±^ 

The superconformal transformation for the KK modes are read off by substituting ()4.10|) 
and ()4.27|1 into ()4.26j) . In Figd the solid and dotted arrows represent the superconformal 
transformation for the creation operator caused by r] m+ and rf m _ , respectively. In particular, 
the transformation of the lowest creation operators caused by r] m+ is 



x fJ^-iJo V (-l) m (n A d B] -n B d A] 



OMJi 



m=±\ 
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5 v+ d?M = 2v/2 (- 1 ) m+l ^r i i m < + a U + , 

mi=±5,m2=0,±l 

SvAm p = 0. (4.28) 
We will use these equations in section 6. 

5 Consistent truncations 

In this section we describe the consistent truncations of M = 4 SYM on R x 5 3 to the theories 
with 16 supercharges, in terms of the mode expansion performed in the previous section. 
This description helps us to extract various results for the theories with 16 supercharges from 
ones for Af = 4 SYM oni?x5 3 , such as the 1-loop hamiltonian for the 5*0(6) sector (section 
6) and the 1-loop effective action around a BPS solution (section 7). In section |5~T1 we make 
the consistent truncations of Af = 4 SYM on R x 5 3 to the theories with 16 supercharges 
in terms of the KK modes. In section 15. 2\ we compare the mass spectrum of Af = 4 SYM 
on R x S 2 with that of the theory obtained by quotienting the original theory by £7(1). We 
clarify how quotienting by U(l) yields Af = 4 SYM on R x S 2 . In section 1531 we examine 
the vacua of Af = 4 SYM on R x S 2 in terms of the KK modes. 

5.1 Consistent truncations to theories with 16 supercharges 

The original SYM on R x 5 3 has the superconformal SU(2, 2|4), whose bosonic subgroup is 
50(2,4) x 50(6). 50(2,4) has a subgroup 50(4) that is the isometry of the 5 3 on which 
the theory defined. In section 2, we decomposed the 50(4) as SU(2) x 577(2) and developed 
the harmonic expansion. We consider a subgroup of 577(2). We project out all fields of 
Af = 4 SYM on R x 5 3 which are not invariant under the subgroup of SU (2) and consider 
the same interactions for the remaining fields as the ones in Af = 4 SYM on R x 5 3 . Taking 
full SU{2), U(l), and Z k as the subgroup of SU{2) leads to the plane wave matrix model, 
Af = 4 SYM on R x 5 2 and TV = 4 SYM on S 3 /Z k , respectively [1]. 

Let us describe the above truncations in terms of the KK modes. The plane wave matrix 
model is obtained by keeping only the modes that are singlet with respect to SU(2), namely 
(0, 0, 6) as (X£ B ), (f , 0, 4) as (iftf M+ ) and (1, 0, 1) as (A 0M+ ) in the KK tower [10]. The Af = 4 
SYM on R x S 3 / Z k is obtained by keeping only the modes with rh = ±|?, where q E Z> . 2 
2 The set "Z> " consists of zero and positive integers. 
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Figure 1: The KK tower of M = 4 super Yang-Mills on i? x S 3 . The first number, the 
second number and the third number in the parentheses represent J, J and the dimension 
of the representation of SU(4), respectively. The solid and dotted arrows represent the 
superconformal transformation in the free theory for the creation operator caused by 7] m+ 
and Tj^ n _, respectively. 
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For later convenience, we examine the multiplicity of the remaining modes for fixed J. When 
k is even, the remaining modes after the truncation have the following quantum numbers of 
577(2): 



~ n v 

J= 2 + r 



where n G Z >0 and v = 0, 2, • • • , k — 2, and 



k k 
m = 0,±-,---,±-n 



(5.1) 



(5.2) 



for each v. Then the multiplicity of the remaining modes for fixed n and v is 2n + 1. Note 
that all the modes with J a half odd integer should be projected out, because such modes 
cannot have fh = ^Z-^ 



In the odd k case the discussion is similar to the above one. The quantum number J for 
the remaining modes in this case takes the following values: 



~ n v 
J =2 + 2' 



(5.3) 



where n G Z> and v = 0, 1, k — 1. Note that the range of v for odd k is different from 
that for even k. The values of rh and the multiplicity for fixed n and v are summarized in 
Tabled 



n 


V 


m 


multiplicity 


even 


even 


r\ _i_ 2k 1 nk 
U ' 31 2 '' ' '' 2 


n + 1 


even 


odd 


±§, ±f, .-.,±1(71-1) 


n 


odd 


even 


_i_k _i_3fc ... + k n 
-""2' 2 ' ' 2 


n+1 


odd 


odd 


0, ±§fc, ±f(n-l) 


n 



Table 1: The remaining modes for M = 4 SYM on R x S 3 /Zk for odd A;. 



The M = 4 SYM on Rx S 2 is obtained by keeping only the modes with m = 0. We will 
discuss this truncation in the next subsection in detail. 

We close this subsection by showing the consistency of the above truncations in terms of 
the KK modes. Let us first consider the cases of M = 4 SYM oni?x S 3 /Zk and on R x S 2 . 
The conservation of m implies that each term in the action of the original theory includes 
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no KK mode or more than one KK mode that are projected out in the truncations. This 
fact ensures that the equation of motion in the original theory for a KK mode projected out 
in the truncations becomes trivial after the truncations. Hence, every classical solution of 
the truncated theories can be lifted up to a classical solution of the original theory. 

In a similar way, one can show that the 16 supercharges for the supersymmetry transfor- 
mations caused by r] m+ and ?7^ + are preserved in the truncations. These parameters have 
rh = 0. The conservation of in again implies that after the truncations the transformations 
of the KK modes that are projected out in the truncations become trivial and those of the 
remaining modes are still nontrivial. This means that the truncated theories have the 16 
supercharges corresponding to r] m+ and ?7^+- 

In the case of the plane wave matrix model one must also use the conservation of J to 
show the consistency of the truncation. Indeed the consistency of the truncation was checked 
explicitly in [10]. 

5.2 Comparison with M = 4 SYM on R x S 2 

In this subsection, we compare the remaining KK modes in the U(l) truncation with the 
KK modes of Af = 4 SYM on R x S 2 . Due to the mixing terms in Af = 4 SYM on R x S 2 
this comparison is not trivial. 

We begin by recalling the action of Af = 4 SYM on R x S 2 [6] 3 

82 = Y 2 S dt 7^ Tl { ~ \ Fa ' blFa ' b ' ~ V DAf - y x - ~ \ {D ^ f ~ y $2 

- l -\T a 'D a ,\ + l -^\T 12 *\ - l -\T m [X m , A] + ^AT* [$, A] 

+ ^ [X m , X n ] 2 + X m } 2 - /i$F 12 }, (5.4) 

where a' = 0, 1, 2, and m = 1, • • • , 6 and (T a ', r*, T m ) are ten dimensional gamma matrices. 
The radius of S 2 is /i -1 and the effective Yang-Mills coupling g' 2 is defined by g' 2 = QymiI^i 
since the area of S 2 is 4it times square of the radius. We set fi = 2 since this value is 
obtained by the U(l) truncating of Af = 4 SYM on unit S 3 . The volume integration over 
S 2 is normalized as 

.. (5 ' 5) 

3 The coefficient of the fermion mass term in (|5.4f) is different from the one in [6]. This originates from 
the difference of the coordinate systems. 
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Note that the last term in (|5.4|) mixes $ with A a >. 

For later convenience we write down the mode expansion for the fields on S 2 here. The 
details for the harmonics on S 2 are left to appendix C. The mode expansions for the scalars, 
the vectors and the spinors on S 2 are given by 4 

j J 

- E E Ht,n')= E E <W*)^(^),(5.6) 



x AB (t,n') 



J£Z>q m=—.J 
J 

J&Z > a m=—J 

J 1 

E E V®*)*Wn') (for a = ±-), 
Je±+z> m=-J 



JeZ>n m=—J 



(for i 



1,2), 



(5.7) 
(5.8) 



where the spinor ^ is a two component one on S 2 . Here Aj m and A l Jm are the transverse 
and the longitudinal modes for the gauge fields. In the Coulomb gauge, the longitudinal 
modes (A l Jm ) in ()5.7|) vanish because ViAi = and VjFj mi = 0. Note that the range of J is 
different form one for S* 3 , that is, J takes zero and positive integers for the scalar, positive 
integers for the vector and positive half odd integers for the spinor. The hermicity of the 
fields implies together with (jC.2|) the following relations: 

W) f = (-l) m *£», (W = (-l) rr ^J- m , (5.9) 

(^Jm) t = ( — ) m ^ Lt J-mi (Ajm) = (~ 1) ^J-m- (5.10) 



Let us first consider the spectrum of the SO (6) scalar modes. In this case the comparison 
of the spectrum is straightforward. The mass term for the 50(6) scalars in the SU(A) 
notation is read off from (|5.4|) as 5 



S 



x 



dhlO"Vri^X m V 2 X m -^X 2 m 



dt 



E 

Jez> in 



E 



Tr{(XfZyxfi} 



(5.11) 



where in the second line we made the mode expansion by using (j5.fi)) and used the formulae 
2]) and ()C3j) . It is clear that this equation is the same as the third line in (|4. 14)1 with 



4 The set Z>o consist of only "positive" integers, although the set Z>o consists of zero and positive 
integers. 

5 For a moment, we omit the common factor l/(pg') 2 for convenience since it is irrelevant here. 
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the modes with integer J and rh = kept. Note that all the scalar modes with half odd 
integer J in (|4.14|) should be projected out in this truncation because these modes cannot 
have rh = 0. The mass for the scalars on S 2 are immediately read off as /i(J + |). The 
multiplicity for fixed J is given by 

j 

1 = 2J+ 1. 

m=— J 

The result is summarized in Tabled 



mass 


multiplicity 


vAB 


/*(■/+ 5) 


2J+ 1 


(J, J, 6) 



Table 2: The SO (6) scalar mass spectrum of M = 4 SYM on R x S 2 : The ranee of J is 
J G ^>o- Note that 11 = 2. The column of Xf^ shows the corresponding Af = 4 scalar 
modes on S 3 with the same mass. 



We next consider the gauge field Ai and the scalar $ together. As mentioned before this 
comparison is not straightforward due to the mixing between A± and $. We obtain their 
mass terms using the mode expansions ()5.6|) and ()5.7|) as follows: 



Sa<s> 



dtdtt'Tr 



dtTi 



fx* 



(5.12) 



j 



E E K«.« 

JeZ>o m=— J 



t 

Jm 



- J( J + 1) v/J(J+l) 



71 Jm 
$Jm 



Here we took the Coulomb gauge, so that there is no longitudinal mode A Jm in this expres- 
sion. A unitary matrix that diagonalizes the above mass matrix is given by 



U 



1 



V2J+ 1 

By redefining the modes for A Jm and $j m as 



v/JTT -VJ 



(5.13) 



^(J-l)m+ 



1 + J 

1 + 2J 



J 



1 + 2J 



1 + 2J 



Jm; 



(for J > 1) 
(for J > 0) 



(5.14) 
(5.15) 
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we find 

S A * = f dtTT E ^ J + ^ Jm+ A Jm+ - \ E ^ J + l) 2 4m-^Jm- 1 . 

J y Jez> m=-J-i Jez> m=-J J 

(5.16) 

It is clear that this expression is the same as the second line in (J4.14j) with the modes with 
rh = kept. Note that all the vector modes with half odd integer J in (|4.14j) should be 
projected out in this truncation because these modes cannot have in = 0. The result are 
summarized in Table El 



mass 


multiplicity 


Ajm± 


//(J + l) 


2J+ 1 


(J,J + 1,1) 




2J + 3 


(.7 + 1,-7,1) 



Table 3: The gauge boson and $ mass spectrum of A/" = 4 SYM on R x S 2 : The range of 
J is J G -Z> . Note that \i = 2. The column of A JM ± shows the corresponding gauge field 
modes on S 3 with the same mass. 



Finally, in a similar way, we examine the mass spectrum of the fermions. The fermion 
mass term in ()5.4|) is 



dtdtt'Tr 



--APVjA + ^Ar 12 *A 
2 8 



dtdtt'Ti 



r J 
Tr / dt E E ^ 

Je±+z> m =- J 



l/2f ,-l/2t 
JmA VJrnA 





4 J + 2 




ij4 " 




J+ i A 
. J + 2 4 . 




1 A 



(5.17) 



In the first line we decomposed the sixteen component spinor A into the two component one 
ip a using (|2.16J) and (|4.3jl . In the second line we made the mode expansion by using (|5.8jl . 
Then a unitary matrix that diagonalize the fermion mass matrix in ()5.17|) is given by 



V 



V2 



1 1 
-1 1 



(5.18) 



After redefining the modes as 



^(J-i)(m,0)+ 



1 

71 



■ i_4 -iA' 



J(m,0)- 



1 

71 



■ 1^4 _I^4 
+ ^Jm 



(5.19) 
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one finds 

m,0)+ 

+ E E " 

Je|+z> m=-J 

It is clear that this expression is the same as the forth line in ()4.14j) with the modes m = 
kept. The multiplicity for the modes with J is 2 J + 1. Notice that all the fermion mode 
( J + |, J, 4) with half odd integer J in (j4.14j) should be projected out because these modes 
cannot have rh = 0. For the same reason all the fermion mode ( J, J + |,4) with integer J 
in (j4.14j) should be projected out. The result for the fermion is summarized in Table EJ 



J 


mass 


multiplicity 








2J + 2 


(J + i J,4) 


Je\ + z >Q 




2J+ 1 


(J,J + i,4) 



Table 4: The fermion mass spectrum of M = 4 SYM on R x S 2 :The column of ipjM± shows 
the corresponding fermion modes of Af = 4 SYM on R x S 3 with the same mass. Note that 
H = 2. 



5> 



dtTr 



E E 



7/- *7 



m,0)- 



(5.20) 



5.3 Non-trivial vacua of Af = 4 SYM oni?x5 2 

It is discussed in [1] that M = 4 super Yang-Mills on R x S 2 has many non-trivial vacua. 
Then it is valuable to describe these non-trivial vacua in terms of the modes to investigate 
the dynamics of this theory there, although we will study this theory in the trivial vacuum 
in this paper. 

Let us start with writing down the potential terms in ()5.4|) that we focus on : 

S pot = -^y J ^'Trj-^F^ + ^'-^V^-z^,^) 2 !. (5.21) 

Because the potential consist of the sum of the two complete square terms, one immediately 
reads off the conditions for the zero-energy vacua: 

F 12 + /i$ = 0, (5.22) 
Vi$ - i [Ai, $] = (i = 1,2). (5.23) 
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These equations are rewritten in terms of the KK modes ()5.6j) and (J5.7)) as 

(5.24) 



A*J(J + l)<& Jm - -^VW + lHl - (-l) Jl+J2 - J }CS j^Cj^j^ [A\ mi , $ Jam2 ] = 0, 

(5.25) 

n\n\{l + (-l)***"'}^ j20 C^ lJ2m2 [A'j^j^] = 0, (5.26) 

with no summation over J and m. Here we took the Coulomb gauge VjAj = 0, so that 
there is no longitudinal mode A l Jm in the above expressions. The equations ()5.25j) and (|5.26|) 
correspond to the longitudinal and transverse components of 1)5.23)1 . respectively. 



Unfortunately, it is difficult to find general solutions for 1)5.24)) - (|5.26jl . Then we would 
like to solve them with some assumptions. Let us first make an ansatz that the non-vanishing 
modes are only Ai m and $i m and that they are related as 

$ lm = aA\ m . (5.27) 

Then it is easily verified using the relation C(^ lX = (— l) 1+1 ~ J Ci™ 2lrn that the equation 
(I5.26|) is trivially satisfied. When we set a = the equations (|5.24j) and (j5.25j) are reduced 
to three non-trivial ones: 

[A l0 ,A l±1 ] = ty|mi±i, [An, = ^Mio- (5.28) 
This is nothing but the SU(2) algebra. Then the non-trivial solution is 

where Lj's are the SU(2) generators. It is easily checked that this solution are consistent 
with the hermicity conditions for the KK modes (J5.9)) and 1)5.10)) . of course, as it should 
be. When we consider the M = 4 U(N) SYM on R x S 2 , our solution is expressed by an 
irreducible or reducible SU (2) representation of dimension N. Then the number of the vacua 
that our solution (J5.29)) can represent is equal to the partitions of N, that is, P(N). This 
number coincides with the number of vacua of the plane wave matrix model [1]. Note that 
our solution corresponds to a part of the solutions discussed in [1,6], where the total number 
of the vacua of this theory and the tunneling amplitude between them are discussed. 
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6 1-loop calculations and the 50(6) spin chains 



In this section, we examine the 1-loop corrections. We consider those in the original theory 
in sections 6.1~6.3, and those in the truncated theories in section 6.4. In section 6.1, we 
illustrate the calculation of the 1-loop diagrams with the 1-loop self-energy of Xab- In 
section 6.2, we introduce cut-offs for loop angular momenta as a regularization scheme and 
calculate the divergent parts of the self-energies of all the fields and some interaction vertices. 
We see that the coefficients of the logarithmic divergences are consistent with the vanishing 
of the beta function and the Ward identity. In section 6.3, we determine some 1-loop counter 
terms by examining the energy corrections of the BPS states. We examine the 1-loop energy 
corrections of the states that correspond to the operators on R A which are regarded as the 
integrable SO (6) spin chain. We show that the energy corrections are actually given by 
the hamiltonian of the spin chain. In section 6.4, we determine some couter terms in the 
truncated theories by examining the 1-loop energy corrections of the BPS states. We find 
that the states viewed as the integrable SO (6) spin chain in the original theory are also 
viewed as the same spin chain in the truncated theories. 

6.1 Calculation of 1-loop diagrams 

In the calculation of the 1-loop Feynman diagrams, we need the propagators, which are read 
off from ()4.14j) as 

ill - i 

V^AB Wkl^A'B' yQjk'l') — -£ABA'B'( — ^) m ™ ^ J J'&M -M'&kl'&W ~ T^t (6-1) 

^ q 2 — ujf 

i 

{Bj M {q)kiBj>M'{—q)k'i') = (— l) m ~ m (^jj^M -M'^ki'^ik' ^j/j _|_ -g > (6-2) 



(AjMp{q)kiAj'M' P '{— q)k'i') — (— l) m m+1 ^jj'^M -M'S pp '5ki'5ik'— 75 > (6.3) 

it ,.\ A 



1 



{^jMMkm.M'K'Ativv) = hj'hiM'5 A A i5 KK i (6.4) 

q 2 - u) w j 

(c JM {q)kiCj'M>{-q)k'i') = (-l) m ~ m 5jjiS M -M'Ski'Siv AJi ^j - jjr , (6.5) 

where q is conjugate to t. 

Here we consider the 1-loop self-energy of Xab, which is (— i) times the 1-loop contri- 
bution to the 1PI part of the truncated 2-point function {Xj^ (q)kiX£g,' \—q)k'v)- We will 
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(X-a) ( X -b) (X-c) (x-d) 

(X-e) (X-f) 

Figure 2: Diagrams for the one-loop self-energy of Xab- The curly line represents the 
propagator of Aj. The wavy line represents the propagator of A . The solid line represents 
the propagator of Xab- The dashed line represents the propagator of ip A . 



consider the self-energy of the other fields and the 1-loop corrections to some interaction 
vertices in the next subsection. The six diagrams for the self-energy of Xab are shown in 
Fig. 2. We illustrate our method by calculating one of the diagrams, (X — /). By using the 
vertices in ()4.15|) and the propagator ()6.4|) . we obtain an expression for this diagram. 



Aig 2 N5 kV 5i k i)-EABA'Bi ^ 



2 

JlMl J 2 Af 2 KlK2 



!) »(-P + g-«2^j 2 
o„ \ w,2 j,2 ' J2M2K2 J-M-* Ji-Mnn J'-M' 

z/l v p 2 — Uj (—p + q) 2 — uj- 



dp (i(p- K X u\)i{-p + q- _ Miki j2M2K2 



Jx V F ' H! ^J 2 



~ ^2 ^,2 J ~J 2 M 2 k 2 J'-M ,J ~Ji -Mirei J-M 

P - (p + g) 2 - wj 2 

-85 Jydki'dik'-£ABA'B' 2^ Sj M2K1 j_ m J-j iMiKi j,_ m ,— — — — • 

(6.6) 



Here we plug in the expression for in (jB.5|) . take summations over Mi and M 2 using the 
formulae (jA.lj) and (jA.3|) . We also take a summation over K\ and plug in the expression for 
the 9 — j symbol available in [32] . We eventually obtain 

-16g 2 N5 k i'Sik' -EABA'B'{-^-) m ~ m 8jj'5 M -M> 

v- (2Ji + 2J 2 + 3)( Ji + J 2 + J + 2)(Jx + J 2 - J + 1) 
X |^ 2 (g 2 -(2J 1 + 2J 2 + 3)3)(2J + l) ' 1 A) 
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where J\ and J 2 take non-negative half-integers (0, |, 1, §,■••, ), and summations over J\ 
and J 2 are taken such that they satisfy | J\ — J 2 | < J < Ji + J 2 . Because the summations 
give rise to divergence, we must introduce a regularization. In the next subsection, we give 
a method for regularization and calculate the divergent parts of the 1-loop diagrams. 

In the following, we list unregularized expressions for all the diagrams in Fig. 2. The 
1-loop self-energy of Xab takes the form 

g 2 N5 M! 5 lk ie ABA , B/ (-l) m -™5jj,5 M „ M ,Il3(q). (6.8) 

We write down the contributions of each diagram to IPj(g). 

? (-l)"i+"^ (0 ) 
(A - a) — 2Ji( Ji + 1) ~ M JlMl J2 ~ M2 ~ M ' ' h ~ Ml J2M2 ' 



j 1 ^o,j 2 m 1 m 2 

(X - b) = - 2J (J + 1) ^ J ~ M JlMl J2 ~ M ^ J ' ~ M ' Jl ~ Ml J2M2 



J 1 ^0,J 2 M 1 M 2 



l ^ (2J, + 1) [? + (2J 2 + if] 

^ (2^+1)12^+3) 

v ; ^ 2Ji + 2 

•A 

(X-J) = -4^ 
J1J2 

(2Ji + 2J 2 + 3)(J + Ji + J 2 + 2)(Ji + J 2 - J + 1)(J - Ji + J 2 + 1)(J + Ji - J 2 ) 

(2J + 1)(J 2 + l) 2 [g 2 - (2Ji + 2J 2 + 3) 2 ] 
x{J, Ji, J 2 }{J, J x , J 2 + l}, 

(X - /) = -16 V (2Jl + 2J ; + 3)( ^ J2 , + J + 2)(Jl+ j 2 ' J+1) U J,} (6.9) 
V J; ff (2J + l)[g 2 - (2Ji + 2J 2 + 3) 2 ] V ; 

where { J, Ji, J 2 } represents the constraint | Ji — J 2 | < J < Ji + J 2 . Note that the terms 
proportional to 5(0) cancel in (X — a) and (X — b) [28]. We will later need the 1-loop on-shell 
self-energy for the lowest mode of Xab, which is obtained by plugging in q = 1 and J = 
into fTSD - 

(x- fl ) + (i-^-lv( 2Jl + 1 ^ 1 + ^ + 1)2) , 
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(X-c) = -2j2 
Ji 



(2Ji + l)(2Ji + 3) 



2Ji + 2 
(X - d) = 0, 

{X-e) = -5 ^(2^ + 1), 



(X-/)=4^(4J 1 + 3). 
6.2 1-loop divergences and the Ward identity 



(6.10) 



All the expressions in ()6.9|) are divergent and must be regularized. As a regularization 
method, we introduce a cut-off for the loop angular momentum. Again, as an example, we 
explicitly regularize (X — f). We introduce the cut-off Af for J\. (Of course, we could 
introduce it for J 2 .) The suffix '/' indicates that the cut-off is the one for the loop of ?Pj Mk - 
Fig. 3 shows the region of the regularized summations over J\ and J 2- We define new 




J A; 

Figure 3: Region of the regularized summations over J\ and J2 



variables P = J\ + J 2 and Q = J 2 — Ji, which take integers for integer J and half odd 
integers for half odd integer J. Then, we obtain the regularized expression for (X — /). 



'2A/-J J J J 

P=J Q=-J r =-J+lQ=r 



P=2A f +2r 



(2P + 3)(P+ J + 2)(P- j+i; 
(g 2 -(2P + 3) 2 )(2J + l) 



(6.11) 



33 



It is difficult to calculate this analytically, however the divergent part is easily evaluated as 

2A/-J J J . A f -J 

8 £(p + |) + i6 y, £drT + 2 <« 2 -< 2J+1)2) £i 

P=J r=-J+l Q=r P=J 

= 16A} + 32A/ + 2(q 2 - (2J + l) 2 ) ln(2A / ). (6.12) 
We list the divergent parts of the expressions in ()6.9|) . 

(X - a) + (X - b) = -2A 2 - 3A S + 

(X-c) = -4A 2 - 10A, + 2 log(2A„), 
(X-rf) = yJ(J+l)log(2A,), 
(X -e) = -10A 2 - 15A S , 

(X-f) = 16AJ + 32A f + 2 [q 2 - (2J + l) 2 ] log(2A / ), (6.13) 

where A^ and A s represent the cut-off for the loop of Ajm p and the cut-off for the loop of 
Xab or Bjm, respectively. It is natural that A s , A v and A/ are the same order quantities, 
so that we can set log(2A s ) = log(2A„) = log(2Aj) = log(2A) in the divergent parts. In 
appendix D, we list the divergent parts of the 1-loop self-energies of the other fields and 
those of the 1-loop corrections to some interaction vertices. 

It should be remarked that all the 1-loop divergences here and in appendix D are local 
ones, namely they can be canceled by the local counter terms. This property is crucial in 
renormalizing the theory. In order to keep this property, one must introduce the cut-off for 
the angular momentum of a certain internal propagator in each diagram. For instance, one is 
not allowed to introduce the cut-offs for the angular momenta of several internal propagators 
or divide a contribution of a diagram into several parts and introduce the cut-off for the 
angular momentum of a different internal propagator in each part. Indeed, in the above 
example, we have introduced the cut-off Aj only for J\. Of course, the finite part as well as 
the divergent part in a 1-loop diagram generally depends on for which angular momentum the 
cut-off is introduced. As discussed in the following, however, this ambiguity does not matter. 
Our regularization method breaks the gauge symmetry and the superconformal symmetry 
though it preserves the Rx SO(4) symmetry. As in [31], these symmetries would be recovered 
by introducing the counter terms that breaks the gauge invariance or the superconformal 
invariance and making the fine-tuning for the coefficients of these counter terms including 



;j(j+i)-i 



log(2A a 
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the finite renormalization. Our gauge fixing also respects only R x 50(4) symmetry. We 
have to consider, therefore, all the terms whose dimension is less than or equal to four and 
which are invariant under R x 50(4), as the counter terms. The counter terms quadratic in 
Ai, A , c, X AB and ip A take the following forms. 

Ai : a A Tr ( hdoAi) 2 + J^V 2 ^ - AA^] + %Tr(A 4 V 2 ^ + 2A i A i ) 



- 7A Tr(AA), (6.14) 

A : -a B Tr Qa V 2 Ao^) + ^Tr(A ) 2 , (6.15) 

c : a c Tr(— zcV 2 c) + 7c Tr(cc), (6.16) 
X AB : a x Tr(^d X AB d X AB + ^X AB V 2 X AB -^X AB X AB ^ 

+^Tr(X AB V 2 X AB ) - ^-Tr(X AB X AB ), (6.17) 

i) A : a^Tr(#^o^ + #VV^)+^Tr(#Vv^ A ). (6.18) 



The first term in each line is absorbed by the wave function renormalization of the corre- 
sponding field. 

Let us see that our results of the 1-loop calculation are consistent with the vanishing 
of the beta function, which is characteristic of conformal field theories. We immediately 
see that the quadratic and linear divergences in (|6.13|) are absorbed in The sum of the 
logarithmic divergences in (j6.13J) is (q 2 —uj-j 2 ) log(2A). This shows that the cut-off dependent 
part of ax is 

a x log(2A)# 2 iV. (6.19) 

Eqs. flD.2|) . (jD.4J) . (jD.6|) and (jD.8|) in appendix D show the divergent parts of the diagrams 
for the 1-loop self-energies of A4, A , c and i/; A , respectively. The quadratic and linear 
divergences in (jD.2|) and (jP.4|) are absorbed in j A and 7j b, respectively, while the self- 
energies of c and ip A contain only the logarithmic divergences. The sum of the logarithmic 
divergences in (|P.2|) is |(g 2 — ujj 2 ) log(2A). The sum of those in (jP.4|) vanishes. The sum 
of those in (lP~6l) is -| J(J + 1) log(2A). The sum of those in (lP~8|l is 2{q + kx^) log(2A). 
All of these logarithmic divergences are absorbed by the wave function renormalization. We 
can determine the cut-off dependent parts of a A , a B , a c and a^ as follows: 

a A ~--log(2A)/JV, (6.20) 
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a c ~-log(2A)g 2 N, 
~ -21og(2A)(? 2 Ar. 



Q.B ~ 0, 



(6.21) 
(6.22) 
(6.23) 



As seen in ()D.9|) . the diagrams for the 1-loop correction to the ghost-ghost-gauge interaction 
term are not divergent. The counter term proportional to Tr(Vic[Aj, c]) does not depend 
on the cut-off. This means together with ()6.20|) and 1)6.22)1 that the bare coupling constant 
can coincide with the renormalized one, namely the beta function vanishes. Similarly, the 
divergent parts of the diagrams for the 1-loop correction to the Yukawa interaction term are 
listed in (JD.9)) and contain only the logarithmic divergences. The sum of those divergences is 
| log(2A). The cut-off dependent part of the coefficient of the counter term proportional to 
Tr(^a 2 [X AB , {ip B ) T }) is -§ log(2A)# 3 N. This again means together with (J6~TH|) and (J6~2H|) 
that the beta function vanishes. 

In general, the coefficients of the logarithmic divergences do not depend on the details of 
regularization, so that they respect the symmetries. This is consistent with the fact that we 
were able to check the vanishing of the beta function through the logarithmic divergences 
in our 1-loop calculation. Because our gauge choice only keeps the R x S 3 , it is difficult to 
examine the Ward identities for the superconformal symmetry. Here we content ourselves to 
see that the coefficients of the 1-loop logarithmic divergences satisfy the Ward identity for 
the gauge symmetry. As in [28], we consider the Ward identity in the flat limit that relates 
the 1-loop self-energy U a b of the gauge field with the coefficient $ a of the K a c term in the 
1-loop effective action, where K a is the source added for the operator [Qbrst, c]. 6 It takes 
the form 



As discussed above, the logarithmic divergent parts of Yl ab and $ a should satisfy this identity. 
As explained in [28], the logarithmic divergent parts of U ab take the forms 



d a fl ab + (d 2 Vab - d a d b )1> a = 0. 



(6.24) 



6? = C((pl-p kPk )5 ij +p t p J )g 2 Nlog(2A), 

n d ™ = D PiPo g 2 Nlog(2A), 

fi* = (-C + 2D)p iPi g 2 N\og(2A), 



(6.25) 



6 Here the longitudinal components of the gauge fields are included in the definition of H a b. 
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where C and D are certain numerical constants. The logarithmic divergent parts of $ a are 
determined by the Ward identity (|6.24j) as 

$div = Q) $div = ^_ c + D) Pl g 2 N\og(2k). (6.26) 

We saw above that C = | and — C + 2Z) = 0, namely D — |. In our case, $ obviously 
vanishes and $j is determined by calculating the diagram in Fig. 4. Its divergent part is 

2 



dtdVt Tr (iQVic) x 



-|p 2 iVlog(2A) 



(6.27) 



This means — C + -D = — |, which is indeed consistent with C = | and D = |. We can also 
read off C and -D for the pure Yang Mills sector by considering only (A — a) ~ (A — /) in 
Fig. 7 and (B — a) ~ (B — c) in Fig. 8. The result is C = — | and -D = — | for the pure 
Yang Mills sector, which gives — C + D = — | again. This is consistent because $ a for the 
pure Yang Mills sector is the same as that for M = 4 SYM. This consistency in pure Yang 
Mills is actually shown in [28]. 



Figure 4: Diagram determining $j. The curly line represents the propagator of Aj. The 
dotted line represents the propagator of the ghost. 



We close this subsection with an interesting observation. The quadratic and linear di- 
vergences appear in ()6.13|) . (jD.2|) and (jD.4|) . If we set 

A„ = A s -i A/ = A 8 --, (6.28) 

those quadratic and linear divergences cancel and only the logarithmic divergences are left. 
Furthermore, these constant shifts of the cut-offs enable us to reproduce the Casimir energy 
in the free theory as follows. When we rewrote the naive expression to the normal ordered 
one in ()4.22j) . we discarded the constant 

iV 2 (2 ]T(2J + 1)(2J + 3)^} + 6 ]>>J + lY l -u* - 8 $>J + 1)(2J + 2)i W J ) (6.29) 
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where the first, second and third terms are the contributions of the gauge fields, the scalars 
and the fermions, respectively. Each term in (|6.29|) is quartic divergent in the angular 
momentum and must be regularized. If we set the upper end in the summation over J in the 
first term at A„, in the second term at A s and in the third term at Af and assume the above 
constant shifts of the cut-offs (|6.28|) . we remarkably obtain the finite value, -^N 2 , which is 
independent of A s . This is equal to the Casimir energy and is reasonably obtained as the 
zero point energy. The constant shifts of the cut-offs correspond to a complete specification 
of the regularization scheme. The physical meaning of these shifts is unclear at present and 
its understanding is an open problem. Here we only point out that these shifts are obtained 
by requiring that the average of J and J of the internal propagator agree for all the fields. 
That we are left only with the logarithmic divergences after the shifts of the cut-offs does not 
mean that we need no counter terms that break the gauge invariance. We need in general 
the finite couter terms that break the gauge invariance even in this situation. 

6.3 Determination of counter terms and the SO(6) spin chain 

In this subsection, we obtain the 1-loop dilatation operator for the operators ()4.23|) in Af = 4 
SYM on R 4 by calculating the order g 2 N corrections to the energy of the states ()4.24|) in 
Af = 4 SYM on R x S 3 . One can also consider the states (J4.24|) in the truncated theories. We 
show in the next subsection that the order g 2 N energy corrections of these states agree with 
that in the original theory, namely these states in the truncated theories are also regarded 
as the same integrable SO(6) spin chain. 

For the above purpose, we need the ITj =0 (l), which is the coefficient of the on-shell self- 
energy for the lowest mode. The determination of this value is equivalent to fixing 7x in 
(I6.17|) . because the first and second terms in (|6.17|) vanishes for J = and q = 1. We 
determine this value by considering the BPS state. In addition, we similarly determine 
Ilj =0 (2) and ITj =0 (— |). The determination of the former is equivalent to fixing 7^ in ()6.14|) . 
while that of rij =0 (— |) is equivalent to fixing in (j6.18J) . 

We consider the half-BPS state in the free theory, which corresponds to a special case 
with I = 2 in (JHHJ): 

lTr(a$a$)\0), (6.30) 
This state is mapped to the chiral primary operator Tr((X 34 ) 2 ) on R 4 . The energy of this 
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state is 2. We also focus on the states that correspond to the descendant operators generated 
by the superconformal transformation caused by 7] m+ . Their forms are determined by (|4.28|) 

as 

^Tr(d^a^ ) | 0}) ^Tr(4^)| ), (6.31) 
^ Tr ( rf o!±|o)^J±|o) + 2 4(±io) + «w)|0), (6.32) 
7^ Tr «!|o)<-io) + <Uo)<|o) " 2^at (00)+ ^t)| ), (6.33) 
^«{ ± io)< T |o))l°)' ^ Tr «Uo)<Uo))l°)' ( 6 - 34 ) 



y2iV Tr ^o(l ) rf o(-^) d o(-|o) rf S(io))l°)- 



(6.35) 



The energy of (jSHj) is |. The energy of (JHIS2D, (ESI, fUMD and (16351) is 3. All the above 
states are half-BPS, and their energy must not receive any correction when the interactions 
are turned on. The BPS state ()6.32|) may mix with the non-BPS state whose energy is 3, 

\/|^ Tr ^oUo)<! ± io) - a l(±io)+ a w)\°)> ( 6 - 36 ) 
while the BPS state (I6.33j) may mix with the non-BPS state whose energy is 3, 

7^ Tr (<io)<Ho) + rf oUo)<!io) + V2al m+ a^)\0). (6.37) 

On the other hand, the BPS states ijOlJl . (IQT| . (I6~34l and (l6~35]) cannot mix with the 
other states. 

We need to develop the hamiltonian formalism for the interacting theory to calculate the 
corrections to the energy. The canonical conjugate momenta obtained from (j4.14|) . (j4.15J) 
and (j4.16|) have the corrections proportional to g, compared with those in the free energy, 
as follows. 
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PjMp = —■ = ( — l)" 1 m+1 ^4j-Mp — "igDjxhh JMp J 2 M 2 p 2 [Bj 1 M 1 , Aj 2 m 2P2 ], 

OAjMp 



P AB - TTTab ~ ( _1 ) m m X'AB M ~ WCjiMi JM J 2 M 2 [B JlMl , Aj 2 mJ, 
dX JM 

PjmkA = SI/5^j MK = i^ JMKA . (6.38) 
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We solve the equations of motion for the auxiliary fields B jm and cjm iteratively with respect 
to g and obtain 

B.JM = ^J^J + ^ Tr [(' l (- 1 ) m2 ~ m2+1 ' D JiMiPi J2-Af 2 p 2 [A/iMi/>i, Pj 2 M 2 p 2 ] 

J-nl ~\\m 2 -fh 2 nJM r yAB tdJ 2 M 2 t , / -i \ra-fh ^J 2 M 2 k 2 ciA /t \\ 

+ H -U ^J\M\ J 2 —M 2 L JiAfj ? j4B J I X J ^J 1 M 1 K 1 J-Ml t y.J 1 M 1 K 1 > t f ; J 2 M 2 K 2 Af) 

+0(g 2 ), 

cjm = 0. (6.39) 
By substituting ()6.38|) and ()6.39|) into the hamiltonian, 

# = Yl P JM P A JMP + P AB^M + E PJMKA^MK ~ ^ (6-40) 
JMp JM JMk 

we obtain 

H = H Q + H int , 

H mt = -4 n \+ — 2 4J (^ + l)Bj- M B JM + 0(g% (6.41) 

J^0,M 

where ifo takes the same form as that in the free theory, and Lf n \ is given in (J4.15|) . 

In order to obtain the order g 2 N corrections to the energy, we calculate for the degenerate 
states, \S n ), the matrix elements 

AE£* = (S m \H mtA + H int /~^ S ^ Snl H int>3 + Hl- loop \S n ) = (S m \Hf f\S n ), (6.42) 

where E is the unperturbed energy, and H int ^ and H int ^ is the 3-point and 4-point interac- 
tion terms in H int , respectively, while Hl~ loop comes from the 1-loop counter terms quadratic 
in the fields and is proportional to g 2 N. 

We first calculate H 9 ef j for the states (ET2l) . It is easy to see that the matrix elements 
among the states (J4.24J1 with fixed / are closed in the g 2 N corrections. As an example, let 
us see the contribution of the 4-point interaction in (j6.41|) . 



HL = -J J dQTr([X AB ,X CD }[X AB ,X CD }) 



,2 



~^ C hh C md^EF SgH - ^GH^EF^i^AB^CD^f/ ? X f& H )i (6.43) 
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where we have introduced the abbreviated notations, j represents a pair of (J,M). —j 
represents (J, — M), and j = represents to ( J = 0, M — 0) in the following. We substitute 

Xf B = - 7 L=(af B + (-1)"^) (6.44) 

into ([6.43)1 . We take the Wick contractions to obtain the normal ordered form. After the 
contractions, we are forced to set j = for the creation and annihilation operators that are 
left in the normal ordering, because we consider the matrix elements among ()4.24|) . The 
result is 



ttX 

n int 



-— : TT(2[a^ B \a^ m }[a AB ,a° CD \ - [a^ Bt , a° AB ] [o% D \ a° CD ] + [<4 B \ a° CD ] [a%, a% D }) : 
5g 2 N x ^ (_i)^-m 2 



H 7T~ ~x L 0j 2 L i3-i20 • lr l«o a AB) ■ 

nn 2 

15g 2 N 3 . J_|jmi-mi+m2-m2 



4 / w x C ?ij2 C h-h-h> ( 6 - 45 ) 

where a° AB = , and we have used Cqq = 1 in the first term in the righthand side. 

We further evaluate the second term using ^m 2 m 3 ( — ^) m2 ~ m2 ^oj2^h-ho = (2^2 + 1) 2 ^j 2 j 3 
and obtain 

^(2J 2 + 1) : TrK ABt a%) :, (6.46) 



J 2 



We see from (16.10)1 that the coefficient of the number operator in ()6.46|) is nothing but 
— — — times the contribution of (X — e) to Ilj_ (l). Indeed, the contribution of 
the other 4-point interactions and the 3-point interactions to this coefficient correspond to the 
contribution of the other diagrams in ([6.10)1 . Note that the contribution of (X — a) + (X — b) 
comes from the second term of Hi nt in (|6.41|) . Moreover, the contribution of Hl~ loop to 
this coefficient is The third term in ([6.45)1 is a constant that contributes equally to 
any {S m \H^jJ\S n ) . The sum of such constants that all the interactions yield must be zero 
due to the supersymmetry. We ignore these constants hereafter. As in [10], we rewrite 
Tr([«Q B \ a AB ] [o.q D \ «ct>D i n the ^ TS ^ term as 

: Tr(K ABt , a\ B \T a ) :: Tr(T> CDt , oP CD \) : -2N : Tr(a^a° AB ) :, (6.47) 
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where T a is the generators of U(N). As shown in [10], the first term annihilates the states 
(ET241 . We eventually obtain for the states (ET231 



Tjg 2 N ( 9 2 N x m 1 9 2 N\ . m 

H e ff = ( — ^-n^ 1 ) + 2 lx ~^~) : ( a ° ab) 



- 9 j : Tr(2[ar t ,«o CDt ][«%,^D] + [^U^K^^D : . (6.48) 

The expectation value of Hf^ with respect to the state (J6.30)) must vanish, because it is 
BPS and does not mix with other states. The second term in (J6.48j) annihilates the state 
([6.30)1 . Thus the coefficient of the number operator in the first term must vanish. Namely, 
■jx is determined as 

lx = 9 2 N (nl (l) + I) , (6.49) 

which in general depends on the cut-off and includes the finite renormalization. 
The dilatation operator for the operators (|4.23|) on i? 4 [30,33] is 

D! = -| ? : 1 v( 2[ X-ni i A 5 ,^, + |^ ^p^, _£_]):. (6.50) 

2 

Recalling g 2 = and comparing the remaining second term in 1)6.48)1 and (|6.50jl . we find 
that the matrix elements of the order g 2 N corrections to the energy of the states (|4.24|) 
completely agree with those of the 1-loop dilatation operator for the operators (|4.23|) . as 
expected. 

Let us determine other counter terms. For the states ()6.31|) . 

Hf f f = : Tr(a^a%) : + (g 2 NUt (~) + : : 

+2g 2 : Tr(d^at m d mA a° BC ) :, (6.51) 

where d mA = do(m,o)vi an d m takes ±|. The states (16.31)) do not mix with the other states, 
either. The expectation value of H 9 e ^ with respect to the states must vanish. It is evaluated 

as 

<r> V + (g 2 NTlto(-h + ^ - 9 2 N = 0, (6.52) 



4 V T 2 

from which we obtain 



2g 2 N . 3 « 2 iV 
= 3— n} =0 (--) + — . (6.53) 
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For the states If031)~l|07ll. 

+ f-^nl (2) + J*-) : Tr^aJ : 

V ^J=o ^7=0/ 



4 : Tr^a^a^) : +^(-1)^ ^tlTL : Tr (d*\di\a AB a m3 ) : +(c.c) 



9 2 A] B A B A B A B 

-— ^- . Tr(^d_ m d r J d— m A_d m B d^ d_ m d— m A_d m B ~\~ d^ d^ d m BdmA ~\~ d r ^d_ m d m Bd—mA 



(6 



where a m = ao(i m )+ an d m takes 0, ±1. The matrix elements of H 9 e tt among ()6.32|) and 
()6.36|) form the 2x2 matrix 



f( X -9 2 N) l( X + 8g 2 N) 



(6.55) 



where 



X = -^nl (2) + ^. (6.56) 

Those among 1)6.33)1 and 1)6.37)1 also form the same 2x2 matrix. In order for the BPS energy 
not to receive any correction, one of the eigenvalues of this matrix must vanish. This is true 
if and only if x — 9 2 N, namely, we obtain 

lA = g 2 N Qnl (2) + 2) . (6.57) 

In this case, the other eigenvalue is 3g 2 N, and ()6.32)) and ()6.33)) are the eigenvector for the 
zero eigenvalue, while ()6.36j) and ()6.37j) are the eigenvector for the other eigenvalue. There 
is no correction to the BPS energy, and there is no mixing between the BPS and non-BPS 
states. It is also easy to see that the matrix elements among the BPS states (J6.34)) and 
()6.35j) . which have no mixing with the other states, vanish. 

6.4 1-loop analysis of the truncated theories 

So far we have been examining the 1-loop corrections in the original theory. It is easy to 
generalize the analysis in sections 6.1~6.3 to the 1-loop perturbation theory around the 
trivial vacua of the truncated theories. Consider the expression for a certain diagram in the 
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original theory. By keeping only the KK modes to be remained in each truncated theory, 
in the external and internal propagators, one obtains the expression for the corresponding 
diagram in the truncated theory. The plane wave matrix model is at least perturbatively a 
finite theory, where no regularization is needed in the perturbative expansion, while A/" = 
4 SYM on R x S 2 and M = 4 SYM on R x S 3 /Zk give rise to divergences and must 
be regularized. In the perturbative expansion of the latters, as a regularization scheme, 
introducing the cut-offs for the loop angular momenta should be useful as in the original 
theory, although we have not explicitly calculated the divergent parts of the diagrams in 
those theories which are regularized in such a way. At any rate, we can proceed the following 
arguments assuming M = 4 SYM on R x S 2 and M = 4 SYM on R x S 3 /Zk are appropriately 
regularized in terms of a certain regularization scheme. 

One can also develop the hamiltonian formalism for the truncated theories. In particu- 
lar, considering the states in (|4.24j) and ()6.3UjW ([6.37)1 makes sence, because X^ B , ipoM+ an d 
Aqm+ are remained in all the truncated theories although the correspondence with the op- 
erators on R A no longer exist. Furthermore, the truncated theories possess 16 supercharges, 
and the states ()6.3U)W ([6.35)1 are also half-BPS, namely preserve 8 supercharges. Their mass 
spectrum must not receive any quantum correction. The mixing of these states with other 
states is the same as the original theory. The analysis of the g 2 N correction to the energy 
of the states (|4.24|) and (|6.30|W([6.37p runs parallel to the one in the original theory, which 
is given below (|6.42j) . It is easy to see that (|6.48j) . (|6.51|) and (|6.54j) hold for the truncated 
theories, and jx, A/> and ja are determined as ([6.49)1 . ([6.53)1 and ([6.57)1 . respectively, in 
such a way that the supersymmetry is realized. Of course, the values of Ilj_ (l), IIj =0 (— |) 
and IIj =0 (2) depend on which theory is considered. In particular, in the plane wave matrix 
model, 7x, A/> and ja are all zero, namely 

njlo(i) = -\ nto(-^) = I nl (2) = -4 (6.58) 

must hold. Indeed, from ()6.10j) . we can calculate the contribution of each diagram to Hj =0 

as 

(X-c) = -| (X-e) = -5, (*-/) = 6, (6.59) 

The total of these values amounts to — |. Note that the diagrams (X — a), (X — b), (X — d) 
and (X — g) do not exist in this theory. Similarly, we obtained IIj =0 (— |) and IIj =0 (2) in 
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()6.58|) by calculating the diagrams in the plane wave matrix model. 

The above arguments lead us to a following interesting conclusion. In the truncated 
theories, the matrix elements of the g 2 N corrections to the energy of the states (|4.23|) are 
mapped to the hamiltonian of the same integrable SO (6) spin chain that appear in the 
original theory. Indeed, the authors of [9] verified this fact in the plane wave matrix model 
by direct calculation. In [9], the matrix elements of ()6.51|) in the plane wave matrix model 
are also obtained by direct calculation, and are consistent with the above arguments. 

As a side remark, we checked that as in the original theory by making shifts of the cut-offs 
in (J6.28|) one can obtain the finite zero point energy in the truncated theories with g = 0. 
Its value is zero for M = 4 SYM onRxS 2 and -^N 2 for M = 4 SYM on R x S 3 /Z k . These 
two values are consistent, since in the k — > oo limit M = 4 SYM on R x S 3 /Zk is reduced to 
AT = 4 SYM on R x S 2 [1]. 

7 Time-dependent BPS solution 

In this section, we examine a classical time- dependent BPS solution and the 1-loop effective 
action around it in the original and truncated theories. In section 7.1, we construct the time- 
dependent BPS solution of the original and truncated theories. In section 7.2, we calculate 
the 1-loop effective action around it in the original theory, and in section 7.3 that in the 
truncated theories. 

7.1 Classical time-dependent BPS solution 

We consider a configuration in which all the KK modes and matrix components except the 
(1,1) component of X34 vanish. Namely, 

/ \p(t) e^W • • • \ 



A 34 - A 00 - l A ) — l A 12J 



••• 



(7.1) 



\ ••• 0/ 

It is easy to see that this assumption is a consistent truncation in the original and truncated 
theories. Under this assumption, the classical action becomes 



Sc = J dt^f + p^-p 2 ). (7.2) 
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The canonical momenta are read off as 

l = 5 -^ = P\ (7.3) 
of] 

The angular momentum in the (6, 9) plane, I, is conserved and corresponds to the R charge 
(Recall X 3i = (X 6 + iX 9 )/2). The energy possesses the BPS bound: 

When p p = and I 2 = p 4 , the BPS bound is saturated. In this case, p = \/jT| = const, 
and r] = ±t + const.. We can set p = \fl and r] = t without loss of generality. That is, we 
consider the solution 7 

{Xg) n = ±Vi<*. (7.5) 
For this solution, non-vanishing elements in (|2.24jl are 

8 e (\*) n = 2{d {X AB ) llT i{X AB ) ll ) 1 °e_ B , 

6 e (\- A ) n = 2(d (X AB ) u ± z(X AB ) 11 ) 7 e^. (7.6) 

The requirement 5 t \ A = and S e \-A = leads to e_3 = = e_4 = e\ = for the upper 

sign and e_i = = e_2 = = for the lower sign. The solution is, therefore, a half 

BPS solution. It preserves 16 supercharges for the original theory and 8 supercharges for 

the truncated theories. The BPS solution corresponds to a circular motion in the (6, 9) 

plane (see Fig. EJ) while generic non-BPS solutions correspond to elliptical motions (see 

Fig. EJ). The BPS solution is the classical counterpart of the lowest Landau level in the 

Landau problem. The BPS solution is interpreted as the AdS giant graviton in the original 

theory [18], and corresponds to a particular one of the spherical membrane solutions in the 

plane wave matrix model, which were studied in [5]. 

7 This solution on R x S 3 is formally mapped to a vacuum with a nontrivial Higgs vev, (X^n = ^Vl, 
on i? 4 . However, in this situation the correspondence between the two theories breaks down, so that it seem 
rather nontrivial to examine the quantum correction around this solution. 



46 



X% Xg 

6- ^ 



Figure 5: BPS solution 



Figure 6: Non-BPS solution 



7.2 1-loop effective action around the solution in the original SYM 

We calculate the 1-loop effective action around the BPS solution in the original M = 4 SYM, 
which was obtained in the previous subsection. Following the background field method, we 
make a substitution 



(X 12 ) kl - ^y/le- tt 5 kl 5 n + (X 12 ) kl (7.7) 

in the gauge-fixed action / and keep the second-order in all fields. 8 Then we immediately see 
that Ii n t are only written by the (1, k) and (k, 1) components, where k ^ 1, and as far as the 
other components are concerned, / takes the same form as the free theory. We can therefore 
forget the contribution of the other components. Moreover, the fields with different fc's are 
decoupled and / takes the same form for each k. We can calculate the effective action for a 
fixed k and multiply the result by N — 1 to obtain the final answer. (In the 't Hooft limit, 
the factor N — 1 can be replaced with N.) We omit the suffices for the matrix components 
and absorb explicit time dependence into the fields: 



1 , + _ ,„ . 1 



0^34)1*! - * ~~^ e% (^12)1*: — * ^/f e % ^ 



J 2 ■ 



(A))lfc — > Aq, (Ai)ik — ► Ai, 



3 In this subsection, we rescale all the fields back by g. 
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(^)ifc - (^Dtk - e'Ve, W> 2 )i fc ^ e^Vr, )J fc - e*W (7-8) 

The resultant quadratic action is 



^ z;(-a 2 - 2^0 + v 2 - l -)z r + + z x z 2 



r=l,2 



5 

+ ^ i?(-3o + v 2 - 1 - z)y r + A*(-V 2 + l)A 



r=l 



+v / 27(A (Z* - Z 2 ) + A*(Z X - Z 2 *)) + J l -(A (d Zl + d Z 2 ) - A* (d Z 1 + d Z* 2 )) 

s 1 4 1 8 

+A* (-d 2 + V 2 - 2 - OA + vK^o + i<T*Vi)^ + 2 E - g E ^ 

s=l s=l s=5 

+^8 'Vr + vl ^Vs - <p\o*<p¥ - cr 2 ip 7 ) . (7.9) 

Note that the ghosts do not contribute to this calculation of the 1-loop effective action 
because of the Coulomb gauge. We must also take into account the contribution of the 1- 
loop counter terms consisting only of X AB . We substitute the background in (|7.7jl into them. 
As far as the counter terms quadratic in X AB (J6.17|) are concerned, there is the contribution 
only from — ^Tt(X A bX ab ), which results in — J dt^l, where jx is given in (|fi.49j) . We will 
see below that this contribution is consistently needed for vanishing of the 1-loop effective 
action around the time-dependent BPS solution. Among possible counter terms quartic in 
X AB , the single trace ones are 

Ti([X ab ,Xcd]{X ab ,X cd ]), (7.10) 
Tr(X AB X AB X CD X CD ), (7.11) 

and the double trace ones are 

^Tt(X ab X ab )Tt(X cd X cd ), ^Tt(X ab X cd )Tt(X ab X cd ). (7.12) 

()7.10|) vanishes when the background is plugged in, while the double trace ones ()7.12|) do not 
contribute in this case due to 1/N suppression. We can, therefore, determine the coefficient 
of (|7.11|) from the requirement of vanishing of the 1-loop effective action. 
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We make a mode expansion for all fields in ()7.9|) . We first integrate over Aq and obtain 
new terms that are quadratic in Z r and Z*. After the redefinition, (—X) m ~ m Z 2 1M 
the action concerning Z r and Z* becomes 



yJM 



dt 



Zn-dl - 2^o - U)Zf + Z 2 00 *(-<9 2 + 2^o - \l)Z 



00 
2 



00 ^00^ 



2 

+Z 2 J - M (-(1 - i^d 2 + 2i(l - 2# 7 ))«9 - (w* 2 - 1 + ^ + 4ifj)Z a 



+ ^ / dl 

J^0,M 



Z( M \-{\ - ^)a 2 - 2i(l - 2if j))flb - K 2 - 1 + Tji + 4A',)Z 



JM 



J-M* 



+Z( M \Kjdl + + 4Kj)Zi- M * + Z J 2 - M {Kjdl + h + AKj)Z( M 



(7.13) 



where 



K, 



I 



1 



2 4J(J + 1) + 1 

In order to evaluate the 1-loop effective action, we use a formula 

Tr ln(<9 2 — 2ipd + m 2 ) = i J dt^/p 2 + m 2 . 



(7.14) 



(715) 



It is easy to see that the contribution of Z®° and Z 2 U to the effective action is 



700 



r eff = ~9 2 N J dtVt + l, 



(716) 



and the contribution of Z( M and Z J 2 M ((JM) ^ (00)) is 



r 



eff 



-g 2 N fdt J2 ("S^TI + v/(2J + 2) 2 + Z ) 

(JM)^(00) 

-<? 2 iV J dt J^(2J + 1) 2 ( V / 4J^T7 + v/(2J + 2) 2 + Z ). (7.17) 



j^o 

We can evaluate the contribution of Y r , Ai and the fermions in a similar way. The contribu- 
tion of Y r is 



-iY 



-ViV y dt^(2J+ 1)V(2J+ 1) 2 + Z. 



(7.1? 
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The contribution of A- is 



Tf ff = -2g 2 N I dt ^(2 J + !)( 2 ^ + 3) V( 2 J + 2 ) 2 + I. (7.19) 



,1 

The contribution of the fermions is 



(7.20) 



rf // = Ag 2 N j dt J^(2J + 1)(2 J + 2)(V(2J + 2) 2 + Z + ^(2J + l) 2 + / ). 

We also have the contribution of the 1-loop counter term, — ^Ti^X abX ab ) , 

Y%f = -g 2 N j dt 1 - (njU(l) + . (7.21) 

Besides, there can be a contribution of the 1-loop counter term 1)7.1 lj) . which is quadratic in 
/ and denoted by T c £ jj 2 \ We denote the sum of all the contribution by r e //: 

1 eff ~ 1 e// + 1 e// + 1 e// + 1 eff + 1 e// + 1 e// + 1 e// • \ > 

Let us see that the sum of (J7.16|)M[7.20|) vanishes. First, comparing the order 1° contribu- 
tion in (J7.16|W(J7.20|) with ()6.29|) . we find that it is nothing but the contribution of the (l,k) 
and (k, 1) components of the fields to the zero point energy, and we can ignore it here. Next, 
the order I 1 contribution is evaluated as follows (we omit the common factor lg 2 N j dt): 

" 4' 

* - lj-(2J + l) 3 



1 eff 



T eff - -2j>/ + l), 

J 

A ( 2 J+l)(2J + 3) 

e// ^ 2J + 2 

r f// - 2^(4J + 3). (7.23) 
j 

Comparing ()7.23)) with (J6.10)) . we find that the total of ()7.23|) is equal to 

^njL (l) + \. (7.24) 
This is canceled by ()7.21j) . Namely, we find 

the order I 1 contribution in T e ff = 0. (7-25) 
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Note that the righthand sides in (J7.23)) except the first line have correspondence with those 
in (jtj.lUj) . If this correspondence also held for the first line in (|7.23j) . the order I 1 contribution 
in rfjj would be — ~ rather than — ~ and the total of the righthand sides in (|7.23|) would 
agree with |ITj =0 (1). This agreement is naively anticipated because the background field 
method usually gives the generating function of the 1PI diagrams. However, this is not true 
in this case. Our result shows that in this case the loop expansion and the expansion in I do 
not commute. 

Finally the order I 2 contribution in (J7.17))MJ7.2(Jj) is logarithmically divergent, while the 
contribution of orders higher than second in I are finite. At the second and higher orders, 
therefore, one can shift J, over which the summation is taken. We set 2J = n and shift n 
appropriately in (J7.17|)Mj7.2(J|) to obtain the following expressions, where we focus only on 
these orders in I. For the second order, the upper bounds of the summations are A s or or 
Af depending on the angular momentum of which field is summed. For higher orders, they 
are set at infinity. 

F eff + ^eff = -9 2 N ! dt ( J> + 1) 2 V / ^TT + J> + l)V(^ + 2) 2 + /) , 

\n=l n=0 / 

T Y eff = -Ag 2 N ! dt^ + 1)V(" + 1) 2 + *. 

n=0 

r£ ff = -g 2 N j dt + l)( n + 3)y/(n + 2) 2 + / + ^(n - l)(n + ^v^TT ) , 

\n=0 n=l / 

T F eff = g 2 N j dt (jC( 2 (™ + + 2)^(^ + 2)2 + / + 4(n + I) 2 y/ (n + l) 2 + I) 

+2^n(n + l)V^TT • (7.26) 

n=l / 

A naive sum of the righthand sides in ()7.26|) is zero. This means that the sum of higher 
orders in I of the righthand sides vanishes, 

the l q contribution in F e ff = (q > 3), (7.27) 

and the second order also vanishes if A s , and A^ differ only by constants. Otherwise, 
we are left with certain finite contribution of the second order in I, which must be canceled 
by the counter term 1)7.11)) . Thus we can determine the coefficient of (|7.11)) . In particular, 
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in the case in which A s , A„ and Aj differ only by constants, the coefficient is determined 
as zero. It should be emphasized that the value of 7x which is determined in section 6.3 
is consistent with vanishing of the 1-loop effective action around the time-dependent BPS 
solution. We conclude that if the counter term quartic in X AB is appropriately fixed, 

T e// = 0. (7.28) 

7.3 1-loop effective action in the truncated theories 

As in section 6.4, it is easy to obtain the 1-loop effective action around the time-dependent 
BPS solution in the truncated theories by using the result in the original theory. What 
should be done is to keep only the modes remaining in the truncations in ()7.16|W(j7.20j) . 
Here we can make use of the multiplicities that we described in section 5. 

We write down explicitly the expressions for rf°j, rf^, T^/, ^tffi ^eff anc ^ ^tff m 
appendix E, where F^jP is again the contribution from the counter term, -^^(X^X^). 
Besides, there can be the contribution from the counter term (J7.ll)) also in the truncated 
theories. Those for the plane wave matrix model are given in (jK.lj) . Of course, in this case, 
all the expressions are finite and there is no contribution from the counter terms. Indeed 
the sum of the expressions in ()E.1|) vanishes. In particular, the total of the first order in 
I is again g 2 A^(|lTj =0 (l) + |), which vanishes by itself as seen in (|6.58|) . The expressions 
for M = 4 SYM on R x S 2 , M = 4 SYM on R x S 3 /Z k with k even and M = A SYM on 
R x S 3 /Zk with k odd are given in ()E.2|) . (jE.3|) and ()E.4|) . respectively. As for these three 
cases, one can ignore the zero-th order in I on the same ground as the case of the original 
theory. The first order in / in each case vanishes if the value of that was determined 
in section 6.4 is applied. The requirement of vanishing of the second order in I fixes the 
coefficient of ()7.11)) . It is easy to check that a naive sum in each of (|E.2|) . ()E.3j) and (|E.4|) 
vanishes (These expressions are counterparts of ([7.26)1 . This means that the contribution of 
orders higher than second in I in (|E.2j) . ()E.3|) and (jE.4|) and, in addition, when A s , A^ and 
Af differ only by constants, no contribution from the counter term (|7.11j) is needed and the 
coefficient of (|7.11|) is fixed to zero. To summarize, the contribution of the first order and 
orders higher than second in I in 1-loop effective action vanishes, and the coefficient of (|7.11|) 
should be fixed in such a way that the second order in I vanishes. 
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8 Summary and discussion 



In this paper we studied the dynamics of the original M = 4 SYM on Rx S 3 and the truncated 
theories by making a harmonic expansion of the original theory on S 3 . We first developed 
the harmonic expansion on S 3 . We obtained the new compact formula for the integral 
of the product of three harmonics (j3.11|) . Then we carried out the harmonic expansion 
of M = 4 SYM on R x S 3 including the interaction terms. Second, we described the 
consistent truncations of the original SYM to the theories with 16 supercharges. We realized 
the truncations by keeping a part of the KK modes of the original theory. In particular, we 
verified that quotienting by the subgroup U (1) of SU (2) indeed yields Af = 4 SYM on R x S 2 , 
by comparing the modes of M = 4 SYM on R x S 2 and those of the orignal theory with 
the modes with m = kept f ()5.6|) . (j5.16J) and ()5.20|) ). In addition, we explicitly constructed 
some of the non-trivial vacua of the M = 4 SYM on Rx S 2 in terms of the KK modes (|5.29j) . 
which are a part of the solutions discussed in [1,6]. Third, we calculated the 1-loop diagrams 
in the orignal theory by introducing the cut-offs for loop angular momenta. We saw that 
this cut-off scheme gave the correct coefficients of the logarithmic divergences, which are 
consistent with vanishing of the beta function and the Ward identity ()6.24|) . We determined 
the counter terms in the original and the truncated theories in the trivial vacuum, by using 
the non-renormalization theorem of energy of the BPS states. This told us that the 1-loop 
effective hamiltonians of the SO(6) sector for the orignal and the truncated theories are the 
hamiltonian of the same integrable 50(6) spin chain. Finally we examine the time-dependent 
BPS solution (J7.1|) in the original and truncated theories, which are considered to correspond 
to the AdS giant graviton in the original theory. We found that the 1-loop effective action 
around this solution vanishes if the counter term quartic in X AB is appropriately fixed. This 
implied that the BPS configuration is stable against the quantum corrections at the 1-loop 
level, as is expected. 

There are some directions as extension of the present work. First, it is interesting to 
consider the the non-BPS configuration (Fig. IHJ) for the original and the truncated theories. 
In particular, in the case of the plane wave matrix model, a series of such investigations is 
done [34-36]. It is also interesting to investigate the dynamics of M = 4 SYM on R x S 2 in 
the non-trivial vacua (|5.29|) . It would be also interesting to explore possibilities of another 
solution for (J5.24j) - (J5.26j) . In addition it would be nice to construct the vacua for M = 4 
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SYM on R x S 3 /Zk explicitly, to study the dynamics around those non-trivial vacua and 
to find the electrostatic picture for the vacua of the truncated theories discussed in [1]. 
Another interesting future direction is thermodynamics of the original and the truncated 
theories [19-21,37-39]. We will work in these directions and report the result in the near 
future. We expect our findings in this paper to give some insight to these subjects. 
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Appendices 

A Useful formulae for representations of SU(2) 

In this appendix, we gather some useful formulae concerning the representation of SU(2), 
most of which are found in [32]. The relationship between the Clebsch-Gordan coefficient 
and the 3 — j symbol is 




(A.l) 



The 3 — j symbol possesses the following symmetries 
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In section 6 and appendix D, we frequently use a summation formula for the 3 — j symbol 
^ ( m 1 m 2 m 3 ) ( m 1 m 2 m 3 ' ) ~~ 2 J 3 + l^ j3j3 '^ m3m3 '' 



m\m,2 

In section 3, we use a formula for the 9 — j symbol 

a b c 
d e f 
9 h j 



[(2c + 1)(2/ + l)(2g + l)(2h + l)]-*(2j + l)" 1 £ C£ v CjJ% fv C% 



aa bf3 dS ee try ftp aa d8 6/3 ee gr) hp,' 
afi'ySeipripv 

(AA) 



B Vertex coefficients 

In this appendix, we give expressions for the vertex coefficients we defined in section 3. 
These expressions are obtained by using the formula 1)3. lip . In the following, Q = J+ ^ p ' p , 
Q = J — ( - 1 ~^ p , U = J+^-j 1 and E/ = J+^j 1 . Suffices on these variables must be understood 
appropriately 



,(2J 2 + 1)(2J 3 + 1) 

U J 2 M 2 J3M3 ~~ \l 2 J + 1 J 2H2 ^3"i3 W 2 m 2 J 3 m 3 ! (1-> I 



^M 1P1 j 2 m 2P2 = (-l)^ + \/3(2J 1 + 1)(2J 1 + 2p? + 1)(2J 2 + 1)(2J 2 + 2p| + 1) 



Qi Qi 1 
Q2 Q2 1 

J J 



Q 2 Q2 1 f Cq^h Q 2 m 2 C &rhi Qama' ^ B ' 2 ' 1 



JiMipi J2M2P2 J3M3P3 



6(2 Jj + l)(2Jj + 2p? + 1)(2J 2 + 1)(2J 2 + 2p2 + 1)(2J 3 + 1)(2J 3 + 2p§ + 1) 



Qi Qi 1 
Q2 Q2 1 
Q 3 Q 3 1 



.Pi+ra+P3+i I ~ I / Qi Q 2 Q 3 \ / Q x Q 2 Q 3 



x(-l) — a ^ ft ft 1 T T 1 ™ , (B.3) 

1 " 1 m-i m 2 m 3 / V m-i m 2 m 3 ' 



jm = V2(2 J + 1) 2 (2 J 2 + 1)(2 J 2 + 2) \ U 2 U 2 § 

[ J J J 

££££ jm p = (-1) V6(2J 2 + 1)(2J 2 + 2)(2J + 1)(2J + 2p2 + 1) 

x< U 2 U 2 § ^- Qm Cg^^. (B.5) 
Q Q 1 J 
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C Spherical harmonics on S* 2 



In this appendix, we summarize the definitions and the properties of the spherical harmonics 
on S 2 . We set the radius of S 2 to /i™ 1 . Construction of the spherical harmonics on S 2 proceeds 
parallel to that of the spherical harmonics on S* 3 . We again identify S 2 with a coset space: 
S 2 = G/H = SO(3)/SO(2). The generators of G = SO (3) are J±, J2 J3, and the generator 
of H = SO (2) is J 3 . The representative element of G/H is T'(fi') = e~ i,fij3 e- i9j2 , where 
Q' = {6, ip) is the polar coordinates of S 2 . The spin L spherical harmonics is defined by 

yi m = n L J (Jq\r- 1 (Q')\Jm), (C.l) 

where J takes L,L + 1, L + 2, ■ ■ ■ while q takes L or —L, and n L j = \J^^- for L 7^ and 
V2J+ 1. The spin L spherical harmonics has the following properties. 



/ 
/ 



dn' (y L h mi yy L h m2 = ^^^^2, 



q=±L 



L~\ Lo Z/Q 



jrV /-y£l92+<?3\*-yi<2<32 -yL-sq3 _ Ji J2 Jj ^-yJig2+<?3 /~iJ\m\ 



2Ji + l 

J — m> 

V i yS t = n5(Jg|(-^)J i T'- 1 (n')|^), for i = 1, 2, 

V 2 ^ = /. 2 (-J(J + l) + g 2 )^. (C.2) 



The scalar spherical harmonics is defined by Y Jm = yf m (J = 0, 1, 2, • • •). The spinor 
spherical harmonics is defined by Y Jma = yj^ (J = §,§,•••)■ The transverse vector 
spherical harmonics is defined by Yj mt=1 = ^{~yf m + y)^) and Yj mi=2 = —fe(yf m + 
y l j m l ) {J = 1? 2, • • •) while the longitudinal vector spherical harmonics is defined by Yj mi = 
eijYj m - ( J = 1, 2, • • •). These spherical harmonics satisfy the following identities. 

V 2 Y Jm = -fi 2 J(J+l)Y Jm , 
V 2 Y Jma = -/2 2 (J(J + 1) - \)Y Jma , 

(Vx ± tV 2 )Y Jm±1 _ = -i^J + l -)Y JmTl , 

v,rj mj = 0, 
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Y]mi = »^J(J TTj VtYjm ' 

^iYLi = 0- (C3) 

D 1-loop divergences 

In this appendix, we give the 1-loop diagrams and the divergent part of each diagram. The 
nine diagrams for the 1-loop self-energy of Ai which is {—%) times the 1-loop contribution to 
the 1PI part of the truncated 2-point function (A JMp (q) k iAji M > p >(—q) k iii) are shown in Fig. 7. 
The six diagrams for the 1-loop self-energy of Aq which is (—i) times the 1-loop contribution 
to the 1PI part of the truncated 2-point function (B JM (q) kiBj'M'{— q)k'i') are shown in Fig. 8. 
The diagram for the 1-loop self-energy of c which is (—i) times the 1-loop contribution to the 
1PI part of the truncated 2-point function {cjM(q)kiCj'M'(—q)k'i') are shown in Fig. 9. The 
three diagram for the 1-loop self-energy of ip A which is (— i) times the 1-loop contribution to 
the 1PI part of the truncated 2-point function {ipj M K (q) \kivji m' k 1 a'(#) 'fci') are shown in Fig. 10. 
The two diagrams for the 1-loop correction to the ghost-ghost-gauge interaction term which 
is (—i) times the 1-loop contribution to the 1PI part of the truncated three point function 
(AjMp(q)ki c J'M'(q')K'i'Cj"M"(q")k"i") are shown in Fig. 11. The five diagrams for the one- 
loop correction to the Yukawa interaction term which is (—i) times the 1-loop contribution 
to the 1PI part of the truncated three point function {{Xj^ (q))ki^j' (q')k'i'' l Pj''(q")k"i") , are 
shown in Fig. 12. 

The 1-loop self-energy of A { takes the form 

g 2 N5 kl ,5 lk ,(-l) m -™ +1 5jj,5 M - M ,5 pp ,Il3(q). (D.l) 

We list the the divergent part in the contribution of each diagram to H A (q). 
. x ^ 2i<?(0) 

[A — a) — > - =Vj 2 M 2 J 1 M l 0J-MpDj 1 - Ml J 2 -M 2 0J'-M>p>, 

2i(J(0) 

--Dj 2 M 2 J 1 M 1 0J-MpT3j 1 -M 1 J 2 -M 2 0J'-M'p' 



(A-b)= £ 

J u J 2 ^0,MiM 2 



4 V /J 1 (J 1 + 1)J 2 (J 2 + 1) 



2itf(0) 

+ , T / T — ~ _ TT^J2M 2 JiM 1 0J~MpT3j 2 -M 2 Ji-MtfJ'-M'p' 
4J 2 W2 + J- J 
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-2i<5(0) 
4J 2 ( J 2 + 1) 



J 2 M 2 J-MpJ 1 M 1 Q^ > J 2 -M 2 J'-M'p' J1-M1O 



J2^=0,JiMiM 2 
+^J 2 M 2 J-MpJ 1 M 1 ±Dj 2 -M 2 J'-M'p' Ji-Mi± 

2i(J(0) 



J 2 ^=0,JiMiM 2 

--A 2 - 2A S 

3 s 



4J 2 (J 2 + 1) 



T^J 2 M 2 JiM 1 ±,J-Mp'Dj 2 -M2 J'-M'-p'J 6 M 5 ± 



|^ + |(2J + 2)- + f 



log(2A), 



(A-e) = -?A^-^A 1 , + llog(2A), 



9 18 /t ,x2 14 

— H (J+ 1) 

6 5 V ' 15 



log(2A), 



(A-g) = -12Al-18A s , 

(A-h)= 4A 2 + 6A S + 1 - [q 2 - (2 J + 2) 2 ] log(2A), 

(A - i) = f AJ + I A, + I [g 2 - (2 J + 2) 2 ] log(2A). 

Note that the terms proportional to 5(0) cancel among (A — a) ~ (A — d). 
The 1-loop self-energy of Ao takes the form 

9 2 N6 kl ,6 lk ,(-l) m -*6jj,6 M -M>n!!(q). 
We list the the divergent part in the contribution of each diagram to Hj(q). 

(B-a) = 4A 2 + 10A„ - 2 log(2A), 



2 + yJ(J + l) 



(B — b) = -4A 2 - 10A„ + 
32 

(B - c) = --J( J +l)log(2A), 
(B-d) = 12A 2 + 18A S , 

(5 - e) = -12A 2 - 18A S + 2 J( J + 1) log(2A), 
(5-/) = yJ(J+l)log(2A). 

The 1-loop self-energy of c takes the form 

g 2 N5 M/ 5 lk ,(-l) m -™5jj,5 M -M>Il c J (q). 

The divergent part in the contribution of the diagram to Hj{q) is 



log(2A), 



(G-a)=4iJ(J + l)(--)log(2A). 
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The 1-loop self-energy of i[) A takes the form 

g 2 N5 kl/ 5i k <5jj / 5 M M>5 KK i5j,T¥ p J (q). (D.7) 
We list the the divergent part in the contribution of each diagram to Ilj(g). 

= (^-^( 2J +1)) lo g( 2A )' 

(F - b) = Q«(2 J + log(2A), 

(F - C ) = | ^ + «(2 J + ?)) log(2A). (D.8) 

The two diagrams for the one-loop correction to the ghost-ghost-gauge interaction term 
vanish: 

(GV - a) = 0, (GV - 6) = 0. (D.9) 
The 1-loop correction to the Yukawa interaction term takes the form 

Zig l\d AB \dki'dk'i"d k "i{-L) 2 f j>_m>k> J :i -M 3 + d kl"0k>l0k>'l'{-i-) 2 -r j"-m"k" J :i -M 3 

x2n5(q + q' + q")T Y JJ , J „(q',q"). (D.10) 

We list the the divergent part in the contribution of each diagram to T Y j,j„(q', q"). 



(Y~ 


a) 


= ^log(2A), 


(Y~ 


b) 


= ^log(2A), 


(Y~ 


c) 


= ^log(2A), 


(Y~ 


d) 


= log(2A), 


(Y- 


e) 


= 0. 



(D.ll) 
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Figure 7: Diagrams for the one- loop self energy of A{. The curly line represents the propa- 
gator of Ai. The wavy line represents the propagator of Aq. The dotted line represents the 
propagator of the ghost. The solid line represents the propagator of Xab- The dashed line 
represents the propagator of ip A . 




Figure 8: Diagrams for the one-loop self energy of A . The curly line represents the prop- 
agator of Ai. The solid line represents the propagator of Xab- The dashed line represents 
the propagator of ip A . 
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(G-a) 



Figure 9: Diagram for the self-energy of the ghost. The curly line represents the propagator 
of Ai. The dotted line represents the propagator of the ghost. 



jOl fX XX 

(F-a) (F-b) (F-c) 

Figure 10: Diagrams for the one-loop self energy of ip A . The curly line represents the 
propagator of A4. The wavy line represents the propagator of A . The solid line represents 
the propagator of Xab- The dashed line represents the propagator of ip A . 




(GV-a) (GV-b) 

Figure 11: Diagrams for the one- loop correction to the ghost-ghost-gauge interaction vertex. 
The curly line represents the propagator of A*. The dotted line represents the propagator of 
the ghost. 
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(Y-e) 

Figure 12: Diagrams for the one- loop correction to the Yukawa interaction. The curly line 
represents the propagator of A^. The wavy line represents the propagator of A . The solid 
line represents the propagator of Xab- The dashed line represents the propagator of ip A - 

E 1-loop effective action in the truncated theories 

In this appendix, we give the expressions for the 1-loop effective action around the time- 
dependent BPS solution in the truncated theories. In the expressions, we omit the factor 
g 2 N J dt to make them compact. 

The 1-loop effective action in the plane-wave matrix model is 

-4v / TTT, 

-3^4+1, 

4(v / ITT+ vTTT). (E.i) 

The 1-loop effective action in N = 4 SYM on R x S 2 is 

J2 (2J + 1)(V4J 2 + I + V(2J +2) 2 + / ), 
Jez >0 

4 (2J + lW(2J+ l) 2 +7, 
Jez> 

((2J + 3)^(27 + 2)2 + / + (2J + 1)^(27 + 2)2 + / ), 

Jez> 



1 eff 
1 eff 
l eff 



eff 



-nZO 
L eff 

1 e// 



1 e// 



e// 
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Tf // = 2 (2J + 2)(v/(2J + 2) 2 + /+ v/(2J + l) 2 + I ) 
Jez> () 

+2 ^ (2 J + lXv^J + 2) 2 + I + y/(2J +l) 2 + l ), 
Je±+z>„ 



nl, = -^(nl (i) + ^). 



eff 2 

The 1-loop effective action in Af = 4 SYM on i? x S 3 /Zk with even is 



(E.2) 



rf/°/ = - V4+7, 



v-1 5-1 



1 e// - 



E E+E 

. nGZ>o f=0 «=1 

(ifen + 2v + l)(2n + f )( y/(kn + 2v) 2 + / + y/(kn + 2v + 2) 2 + l ), 



ra=0/ 



Tf // = -4 J^(A;n + 2v + l)(2n + l)y/(kn + 2v + l) 2 + I, 

nGZ>o f=0 



r ^// = - Z J2( kn + 2v + 3 )( 2n + X ) + 2v + 2) 2 + / 

neZ>o d=0 

/e -i ?c -i 

2 1 2 1 

EE+E 

. n6Z>o t>=0 u=l 

n=u/ 



(ifcn + 2w - l)(2n + I) ^ (kn + 2v) 2 + I , 



Tf // = 2 ^ ^(fcra + 2v + 2)(2ra + l)(v^n + 2v + 2) 2 + / + ^(fcn + 2w + l) 2 + I ) 

ngZ> f=0 

-1 1-1 

(fcn + 2v)(2n + 1)( ^(fcn + 2v + l) 2 + I + ^(kn + 2v) 2 + / ), 



+ 2 ( E E+E 

,?iGZ>o f=0 u=l 



pet. 

L eff ~ 



g 2 Nl 



njU(i) + 



n=(V 
f ' 



2 V J=uv y 2 / 
The 1-loop effective action in Af = 4 SYM on R x S 3 /Zk with k odd is 



(E.3) 



1 e// 



1 e// 



-V4+T, 



fc_i 

2 2 2 2 



- E E + E 

V nSZ >0 v=0 u=l 

(fcn + 2w + l)(n + l)(y/(kn + 2v) 2 + Z + y/(kn + 2v + 2) 2 + l) 



n=0/ 
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2 2 



- ( kn + 2v ) n (V( kn + 2v-l) 2 + l + y/(kn + 2v + l) 2 + l), 

neZ> f=l 

fc_l 

2 2 

r ^// = - 4 + 2v + + ^VT*" + 2w + l) 2 + / 

n.6Z>o i>=0 
fc_i 

2 2 

-4 + 2v)n^/{kn + 2v) 2 + Z, 

neZ> v=l 

h_l 
2 2 

^ J2(kn + 2v + 3)(n + 1) V(fcn + 2v + 2) 2 + Z 

(jfen + 2v - l)(n + l) v / (^ + 2v) 2 + Z 



n£Z>n t)=0 



2 2 2 2 



-I E E + E 

nGZ>o «J=0 u=l 



n=0/ 



fe_l 

2 2 



^((fcri + 2v + 2)n^/(kn + 2v + l) 2 + I + (kn + 2v- 2)n^/(kn + 2v-l) 2 + l ), 

neZ> v=l 



k_ 1 
2 2 



Tf // = 2 ^ $^( fcn + 2w + 2 )( n + + 2^ + 2) 2 + Z + y/(kn + 2v + l) 2 + l) 



n£Z>n u=0 



2 2 2 2 



+ 2 ( E E + E 

,neZ>n u=0 d=1 



(ifen + 2u)(n + + 2v + l) 2 + Z + ^/(kn + 2v) 2 + I ) 



n=(V 



fc_ l 
2 2 



+2 J^((A;n + 2v + l)n(VOfen + 2w + l) 2 + Z + ^(fcra + 2t>) 2 + Z ) 

Ji6Z> i>=l 

+ (/m + 2t> - l)n(\/ (kn + 2t>) 2 + Z + y/(kn + 2v - l) 2 + Z )), 
o 2 iVZ / v . N 1' 

e// = -V( nl ° (1)+ 2 



(E.4) 
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